Ne c66ng On thi cao hoc, TS.GVC Nguyen Phu Vinh 1
Phan 1: Giai tich: Ham nhieu bien, Tich phan boi hai
BAI 1: NAO HAM - VI PHAN -ONG DUNG

0.1 Nao ham rieng bac cao:

0.1 Nao ham hon hop

Nonh Iy (Schwarz):

Gia s6 Zx, Z'y7"y, ton tai va lien tuc thi co z'yx va 2’y = 2\«

1. Coc tro to' do ham 2, 3 bién:

Hai bién:

Ba bién:

Nieu kien fiu dgng vi phan nhieu bien tong quat: Mo(Xo, Yo, Zo)) la fiilem déng, xet dang vi phan

d2f (Xo):
a/ La xac fionh dodng (d2f (Xo)> 0) thi f fiat coc tieu tai X .

b/ La xac fiimh am (d2f (Xo) <0 thi f At oo fai tai Xo.

c/ (d2f (Xo) :0) thi tai X chda co ket luan. Phai xet vi phan cap 3...
Vi phan cap 2: f=f(x,y)

Vi phan cap 2: f=f(x,y,z)
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2 Ne c66ng On thi cao hoc, TS.GVC Nguyen Phu Vinh
d2f = f)ilzdxz + f)’/’zdyz + fz’golz2 + 2f 4 dxdy + 2 fhdxdz + 2 | dydz
2. Céc tro vodng ham 2 bién co 1 rang buoc: Coctro f = f(xq,X5) valrang buoc j (X1,X5)=0
Ham Lagrange: f (X1, Xo,l )= f(Xg,X2)+1 | (X1, X5)
Nieu kien can: f = f(xq,X,) fiat coc tro tai Mg thi M, thoa Nf =b (giai he phdng trinh nay fie tim
Mo la filem dong cua ham f (x4, Xo,1 ) ).
Nonh ly ve fiieu kien fiu:
i/ Hy<O0P thi fiatcdc tieu.
ii/ Hy>0P thiffAatcoc Aai.

./ ./ Il I I
O Jx Iy iy | 1 ;%
= —i/ I /Ay I I
Trong fo: Hy = fX1X1 fxlx2 =1f, X fX1X1 fxlx2
- I I I I I
 y f X Xq f X9 X2 fI X f XoXq f X5 X2

Nieu kien fiu dang vi phan tong quat cho ham Lagrange f :

f (X0, X0,] )= f(Xg, %) +| g (Xq,X5), xet dang vi phan d?f (Xo):
a/ La xac fiinh doong (d (Xo) >0) thi f fat coc tieu tai Xo.

b/ La xac fionh am (d? (Xo) <0) thi f fat oo fai tai Xo.

c/ (dzf (Xo) =O) thi tai X choa co ket luan. Phai xet vi phan cap 3...

- Tatinh ham 2 bien: L(x,y, )= fx,y)+ 1 | (X, ¥)
d’L = L/)/( , dx% + 2 Ly dxdy + L/)// Ldy? (%)

. Chuy:j | dx+] g,dy:O, dx?+ dy*>0
Neu: d?L(xo,y0) > O thi (xo,yo) la fiiem coc tieu.
dL(Xo,Y0) < O thi (xo,yo) la fiiem coc faii.
dL(xo,Yo) = O thi (Xo,yo) khong la fiiem coc tro.
- Toong té ham 3 bien: L(x,y,z, 1 )= f(x,y,2) + | | (X,y,2)
Thi d?L= L/)/( , dx? + L/)// ,dy’+ L/Z/2 dz?+2( Ly dxdy+ Ly, dxdz+ Ly, dydz)
3. Céic tro voding ham 3 bién co 1 rang buoc:
Coctro f = f(xq,Xy,X3) varangbuoc g (Xq,Xy,X3)=0
Ham Lagrange: f (X1, X2, X3,1 )= f (X, X5, X3)+1 g (X1,X5,X3)
Nieu kien fiu dang vi phan tong quat ham Lagrange f :

f (X, X0, 3,1 )= F(Xq,%Xp,X3) +| g (Xq,Xp,%3), xet dang vi phan d?f (X,):
a/ La xac fiinh doong (d (Xo) >0) thi f fat coc tieu tai Xo.
b/ La xac fionh am (d? (Xo) <0) thi f fat oo fai tai Xo.

c/ (dzf (Xo) =O) thi tai X chda co ket luan. Phai xet vi phan cap 3...
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Nei c66ng On thi cao hoc, TS.GVC Nguyen Phu Vinh
Nieu kien fiu ve fiinh théc Hess, xet 2 fiinh théc:
i/ H;<0, H3<0P thi fAat coc tieu.
ii/ H,>0, H3< 0P thifat coc fai.

5 B B ey I
e o) [T | Ty, Ty,
9 |sn I I I I
Ho=|— | f f =|f f f
2 X, XgX1  XqXp Ixy | XXy XX’
1 /i 1
Y9 \en u Wl Xy fxle f X5 Xy
ixy, | XX X2X2
0 fi9 fig fi9
I Ix; 11X, 1Xg
9 \gu g s R PV YT
ix; | XX XX XaXs X | X Xg  XgXo o XgXg

Ty | XeXa XX XoXs IXo | " XoXe " XpXp " XpXg

ﬂg f|// f I f Il f Il
i/l I n X3 | XzXp  XgXp o XgX3

X3 X3X1 X3X2 X3X3

4. Céc tro voong ham 3 bién co 2 rang buoc: Coctro f = f(x1, X5, X3) va 2 rang buoc
}91(X1’X2’X3) N

192(X1, X2, X3) =0

f(Xq, X0, X3,1 1,1 ) = F (X1, X0, X3) +1 101(X1, X5, X3) +1 205(X1, X2, X3)

Nieu kien fiu ve fionh thoc Hess, xet 2 fionh thoc:
xet 1 fionh thdc Hz: Hz;<0thi CBb va H;>0thi CT

1 I 1 / / /
0 0 f [ 1% f [ 41X f [ 1X3 0 0 gl, X1 gl, X5 gl, X3
1 1 1 / / /
0 0 fI 2Xq fI 2Xo fI 2X3 0 0 gZ,xl g2,x2 g2,x3
Yy 1 1 I 1 A / I 1 1
Hg =|f l1x; 12X f X1 X1 f X1 X f X1 X3 | g1,xl gZ,xl f X1 X1 f X1 X f X1 X3
fI// fI// f 1 f 1 f I g/ g/ f 1 f 1 f 1
1% 12X | TXoXe XXy U XpXg| |TLXp  T2Xp | XoXp I XpXp XpXg
fI// fI// f 1 f 1 f I g/ g/ f 1 f 1 f 1
X3 laXg | XgX T XgXp  XgX3| [TLX3  T2X3 | XgXp  XgXp XX

To6ong t6 ham 3 bien: L(x,y,z, | )= f(x,y,2) + | | (X,y,2)
Thi d’L= L/)/( , dx2 + L/)// , dy?+ L/Z/2 dz+2 Ly, dxdy+2 L'y, dxdz+2 Ly, dydz.

3.3 Cac vi du:

Vidu 1:
y2 i

Tim cac Aiem ti han cua: f(x,y,z):x+4—+—+—,x10,y10,210.
X y z

Dung fiieu kien cap 2 cuia fiao ham fie phan biet hiiem Max va Min.
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4 Ne c66ng On thi cao hoc, TS.GVC Nguyen Phu Vinh

y? y 2z
Giai: Giai 3 phodng trinh: f)l(:l-—:o; f)//:_-_:o;
4X2 2X y2
5
f, =22 £=0<:>I’l=il,l=z—,zziy,vay Y, X, z cung dau.
Yy 22 T2X 2X y2 Yy Zzb

Khu y trong 3 phuong trinh fie con phédng trinh 2 bien x, z:  z=1==> z=+1.....
tim Ad6c Aiung 2 nghiem dong: M(1/2, 1, 1) va N(-1/2, -1, -1). Tinh:

f// :—y2 f// :i+2_22 f//:E+i
Il y Il I _-2z
foy =- ——=, foo, = fl=_—"

Xy 232 XZ yz y2

+ Bay gio0 xet nghiem tai M(1/2, 1, 1):
Xet vi phan bac 2:

42t = 1fax?+ £ }ay? + 1 Lz +2( 1l cecy+ 1 ceciz+ fJhayel)

la mot dang toan phodng theo dx,dy. Ta co ma tran:

1/ i i
fyx fxy fxz 4 -2 0
gl gl gl —1 5 3 _2=H,=32>0, H, =4 >0
oy yz 3 i ’
LR YT 0 -2 6
4 -2
H2: =8 >0
-2 3

d*f(M) >0 (DTP xac fisnh dodng) " dx,dy => M(1/2, 1, 1) coc tieu.
+ Bay gio0 xet nghiem tai N(-1/2, -1, -1)

-4 2
H, = -4 <0, HZ:‘2 3‘:8>0

// // //

fax  Txy fxz 4 2 0

// // /| _ _ _
flofl tl=|2 -3 2|=Hg=-32<0,
thoth otk 0 2 -

Vay d*f(N) <0 (DTP xac fionh am) " dx,dy
=> N(-1/2, -1, -1) céc fali.
Cach 2:
- Xet nghiem tai M(1/2, 1, 1):
Ta tinh troc tiep td vi phan bac 2:

42t = 1fax?+ £ hay? + 1z +2( 1 cecy+ 1 ceciz+ fhayel)

d?f =4dx? +3dy2 +6dz2 - 4dxdy - 4dydz, sau mot soitinh toan :
&, d ('52

d2 f =4.0x - —y+
& 2 g

- Xet nghiem tai N(-1/2, -1, -1):
Ta tinh troc tiep td vi phan bac 2:

+2(dy- dz)* +4dz% >0 ==> M(1/2,1,1) CT
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Ne codng On thi cao hoc, TS.GVC Nguyen Phu Vinh
d2f = £ Lo+ £ ay? + £ o2 +2(f dxdy+f)ﬁ’2dxdz+f”dydz)

d?f =- 4dx? - 3dy2 - 6dZ? + 4dxdy + 4dydz, sau mot so tinh toan :

d2f —-48dx- d—2y° 2(dy- dz)- 4dz% <0 =>N(-1/2, -1, -1) CRi¢

2

Vidu2: Xet lai vi du trédc fiay: Ham: z=f(x,y) = x®+y*—3xy
- Tim tap cac fiiem dong:
Z,=3x*-3y=0
Zy=3y*—3x=0
Giai he nay ta co 2 ﬁie'm dong la M1(1,1) va M»(0,0)
- Tacor: zi(lz =6x, 2’y =-3, zzz =6y

Vaviphancap2: d f—f”dx +f”dy +2f dxdy

2
§ Tai My d?f =6dx? +6dy? - 6dxdy = 68dy- %X?
%]

9dx 2

>0,

nen M; la filem coc tieu.
Co the thay bang H; =6>0, H, =36 -9 >0
§ Tai My d°f =- 3dxdy = ? co the am, co the d6dng,
nen M, khoing la filem cdic tro. Coithe thay bang H, = -9<0. ¢

Vidu 3:
Tim cac fiiem cdc tro cua: f (x,y,z)= x+ﬂ+i+£
X 2y z
Giai:  D=R3-{(0,0,0). Giai 3 phoong trinh: f)l(:l-ZXLZ:O;
lezi-i=0< >{x =2y,4y* = xz,7 —2y}
2y z

Vay y> 0, x va z bang nhau va cung dau. Giai ra:
Tim i6dc Aung 2 nghiem dong: M(1, 1/2, 1) va N(-1, 1/2, -1).

Tinh: f)ﬁ’x—‘“g fh=2 th= 33
y

// 2 I _ in_ -1

. g £/ =0 fy, = 27

+ Bay gio0 xet nghiem tai M(1, 1/2, 1):
Xet vi phan bac 2:

d2f = £ Lo+ £ ay? + £ o2 +2(f dxdy+f)ﬁ’2dxdz+f”dydz)

la mot dang toan phd6ng theo dx, dy, dz. Ta co fionh thdc ma tran Hess:

PDF created with pdfFactory Pro trial version www.pdffactory.com



http://www.pdffactory.com
http://www.pdffactory.com

6 Ne c66ng On thi cao hoc, TS.GVC Nguyen Phu Vinh
N ETAY
xx 'xy Ixz

2 -2 0
I I I _ _ _ _
fyx fyy fyz--z 8 -2=H3=16>0,H;=2>0,
I Vi Il 0O -2 2
f fZy f,
2 -2
sz‘ ‘:12>0
-2 8

d*f(M) >0 (DTP xac fiinh dodng) " dx,dy,dz => M(1, 1/2, 1) coc tieu.
Cach khac:  d?f =2dx? +8dy? + 2dz? - 4dxdy- 4dydz=

=2(dx - dy)® +4dy? +2(dz- dy)® >0 => M(1, 1/2, 1) c6c tieu.

+ Bay gio xet nghiem tai N(-1, 1/2, -1)

Hy=-2<0, H,= "2 '8‘:12 >0

1 I 1
fex  f Xy fxz

-2 -2 0
fox Ty fyz=]-2 -8 -2=H3=-16<0,
0 -2 -2

o fa 2
Vay d*f(N) <0 (DTP xac fionh am) " dx,dy,dz
=> N(-1, -1/2, -1) céc fiai.
Cach khac:  d?f =-2dx?- 8dy? - 2dz? - 4dxdy - 4dydz=
=-2(dx +dy)?- 4dy? - 2(dz+dy)® <0 => N(-1, -1/2, -1) coc fiai. ¢

Vidu5: Tim coc tro cua f(x, y, z) =2x+y+3z.

Voi fieu kien: g(x,y,z) = X2 +4y2 +27%- 35 =0.

+ Cach 1:

Ham Lagrange:L = f +1 g=2x+y+3z+l| (x2 +4y2 +27% - 35)
Ly=2+2 x, Ly =148l y, L, =3+4l z, L] =x®+4y?+27°- 35
I _ I _ I _ I _

Lyx =2, Ly =81, Lz =4, L} =0

Lhy =0, Ly, =0, i, =0, LY =2x, Ly =8y, Ly =4z

uur o 1 y

NL=00 M &L 31 =20 m,B4.1 3 =19

8 2 4 8 2 44

co hai ilem dong. Xet vi phan bac 2 .

020 = Upycc? + L dy? + L ciz? + 2 Ly ixay + L xaiz + L el

la mot dang toan phdong theo 3 bien: dx,dy,dz. Chdng minh fiieu nay t6ong to6 nho trodng hop 2

bien.

Xet vi phan bac 2 tai Mlagl,i,?a,l :_—12, f=17.5
&2 4 g
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Nei c66ng On thi cao hoc, TS.GVC Nguyen Phu Vinh

200 o a2 a2 42 = L2 o2 - (o2
d°L Ml—LXde +Lyydy” +Lz,dz —-de - 2dy” - dz" <0
Nen Mlagl,i,?a,l :_—12IaCN.

&2 4 g
. _ _ - x 1 16
Xet vi phan bac 2 tai M, s-4,- —,-3,1 ===, f=-17.5
& " 2 4g

d2L| = Ldx® + L dy? + Ldz? :%dxz +2dy? +dz% >0

M,

131 =20%;cT.
2 4y
+ Cach 2: Dung fionh thdc, xet 2 fionh thoc (n=3,m=1).

Nen szée-4,-

Tai My¢2.7,3 :'7+, (-1)“Hy >0, k=m+1,n=2,3, that vay:
g

/ / /

Ol o9x 9y 0 8 4 12

/ Il Il Il

g [ UL U, L -1 N
ngj‘ ;X ;y ;Z: 812 O = -280 <0, Tai M, CK.

Oy | Ly Ly Ly| | 4] 0 -2

12| 0 0 -
0| lx Ly Lz

Toong to' tai szée-4,- %,-3,| :%2, CT. That vay:

(]
/ /
0‘ 9« 9y | 0]-8 -4
. |/ 1 I _ —
Taxet: Hp=|gy | Ly Lyy|=[-8| 3 0=-136<0
/ / /
0] 9 9 9% | o|-8 -4 -12
/ 1 1 1
g | UL UL L gl 1 0
Ha=| | 0 7 7= 2 = -280<0, tai M, CT.
o) [y Ly Ui |-4/ 0 2 0
-12] 0 0 1
0|l Ly Lz

Vidu6: Lay vidu trébe z = xy, thoaj (x,y) = (x-1)> +y?*—1=0
L=z+l.j =xy+| [(x-1)>+y*—1]
Ta xet 2 fliem ddng M1(§,£,I :ﬂ) va Mz(E,ﬁ, :é)_

2 2 2 2 2 2
Ly =1, Uy =2(x-1)=j ,. Ly =2y=j

2 H

L =2 =1
X y
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8 Ne c66ng On thi cao hoc, TS.GVC Nguyen Phu Vinh

- Tai M1(§ , ﬁ,l :ﬂ), z=1.299,
2 2 2
/A
O[i% 13 [0 1 3
Ta xet: H2:j i( 11 Aol = 1 -\/5 :6\/5 >0, M, |aCN
ig/ a1 ap V3 1 -3
Tai M2(§,ﬁ,| :é), z=-1.299,
2 2 2
/ /
‘O‘Jx Jy‘ | o] 1 -43
Ta xet: H2:- 4( all a12 = 1 \/5 :-6\/5 >0, Mz laCT
ig/ a1 ap V3| 1 V3
- Tal Mo(0, 0, | bat ky), Ta xet:
Ho=|] ap app|=-2|2 =-8l , Mo choa co ket luan c

Vidu7: Layvidutréde z=xy, thoaj (x,y) =3x+2y—5=0
L=f+1.) =xy+I| [3x+2y -5]

) ; 55 -5
Co 1 iiiem dong duy nhat M(=,=, | =—).
gy (6 4 12)

I "o I o L
L', =0=L Ly =1, Ly =3= Ly =2=) .
2 0 y2' oy T X 3=] x» Ly Iy
TaiM(2,2,1 =22), 7=25/24,
6 4 12
WA
O‘ I x y 0|3 2
Taxet: Hy=|j | |a;; ap|=[3]0 11=12>0,M lacCK ¢
L
| y |81 @822 211
Choong 2

TICH PHAN BOI 2 (KEP)
BAI 1: BAl TOAN MO NAU

1.1 Bai toan md fiau :
Ta nhd lai rang, tich phan xac fiocnh hay tich phan fién phat xuat t bai toan tinh dien tich va tich
phan kep lai xuat phat té bai toan tinh the tich nho sau :

Can tinh the tich cua hinh co fiay phang la mien D1 Oxy, fi6dng sinh song song voi truc oz,
mat tren la mat cong xac fionh béi ham
z =z(x,y), voi M(x,y)T D. Ta chia mien D thanh n phan, dien tich moi phan la D( S;), cot the tich
co dien tich fay
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D(Si)" Mi(xiyi), vay ca theitich la :
n n
Vp=a (0S)f(Mj)=a (DS) (X, %)
i=1 i=1

V= lim V,, void;=dia(DS;) = ban kinh cua DS;
maxd; ® 0

chuy:maxdi® 0 b n® ¥

1.2 Nonh nghéa :
Gibi han tren neu ton tai hdu han (khong phu' thuoc vao cach chia mien D) fiédc goi la tich phan
kep cua ham z = f(x,y) tren mien D, khi fio ta noi f khal tich tren mien D va ky hieu no la

00 f (X, y)dxdy

D
Nhan xet :
1) Theo fionh nghéa neu f(x,y) =1" (x,y)1 D thi OOLdxdy = S(D) (dien tich mien D).
D
2) f(x,y)>0, lientuc " (x,y)T D thi 3of(xy)dxdy =V (D) la the tich hinh tru co cac fi6ong

D
sinh song song vOi Oz, hai fay gioi han boi z=0, z=f(x,y).
1.3 Tinh chat cua tich phan kep :
Cac tinh chat cua tich phan kep cung giong nho tinh chat cua tich phan xac fionh.
Tinh chat 1 : f lien tuc trong D thi f kha tich tren D
Tinh chat 2 : co tinh tuyen tinh

aY f + g)dxdy = pfdxdy + gpodxdy

D D D
@Kfdxdy = Kgfdxdy , KT R
D D

Tinh chat3 :neuD=D; E D,vaD; C D,= /thi
Of = Df+ B
D D, D,
BAI 2: PHOONG PHAP TiNH TiCH PHAN KEP

2.1 Trong he truc Descartes.
a Mien D la hinh chd nhat :
D=i(xy):aExEb,cEy£E£dy=[ab] [cd]
db
f (x, y)dxdy = X f (x, y)dx)dy =
D ca
bd
=Of (x, y)dy)dx
a c
Vay véi mien la hinh chd nhat ta co the'hoan vo can .
Vidu: D=10,1]"[1,2]

12
| = (‘]‘jx2 + y2)dxdy = ddx2 + y2)dy)dx
D 01
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10 Ne cédng On thi cao hoc, TS.GVC Nguyen Phu Vinh
1 3 1
o2, Yoy 2 o2 ! 8 _
= Xy+—)| dx=(x“+=)dx=—, hoac
(()i y 3 ) 1 (()i 3) 3

21 2 3 2 3
R <, X 1 -1 2 8
IzddX2+y2)dX)dy:d—+ xy2) dy=qg=+ yz)dy:1+y_ =2
10 1 3 0" ;'3 3 31 3
a Mien D la mien bat ky: :
2 y2(X)

y1(x)

X1 (Y] %(Y)” X
. D=i(xy):aExXEb, yiX)EYE£y2(X) Y =[a,b] [yi(X), y2(X)]

b y=Y2(x)
@f(x y)ddy=gx ¢ f(x y)dy
D a  y=y(x)
- D=i(xy)icEy£d, xa(Y)E X EXay) ¥ =[ xa(y), Xo(y)]" [c.d]
y=d  x=xa(y)
@f (x,y)dxdy= gdy @ f(x y)dx
D y=c  x=xq(Yy)
- Neu D la mien phdc tap thi phai phan D ra thanh nhéng mien fién gian nhd tren
2
C A e _wX
Vidul:tinh | =@gy— dxdy
DY
D=D:E D;
VOi D gi0i han boi 3fAiddng sau : x =2 yzé , Y=X
2 y=x 2
cachl: I =gdx X—Zdy:g
4
1 1Y
y_X
cach2: =@ +@® ViD=D.ED,vaD:GCD,= A&
D, D

Vidu?2:Tinh | = cHxydxdy,

D

D gidi han boi
2 iBdng y = X — 4 va y* = 2x,
Tinh giao filem ta co :
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Nei c66ng On thi cao hoc, TS.GVC Nguyen Phu Vinh 11
giao filem : A(2,-2), B(8,4)

y+4
4 x=yt+4 4 2 4 6
. . <y X 1. y" 83 42 Y.\[4
| = ad xydx = — dy==(—+—-y +8y°- — =90
_2y 0 X g(yz y:)y SOty Y- o)),
x=y? 2

Cach 2 : ioi can danh cho ban fioic coi nho bai tap.
Vidu 3 : Tinh the tich khoi, iddc gidi han bbi cac mat z=4-x-y va
23 0, y=x*, y£ 1.

y=1 x=+Jy y=1 3 &
Vo= @Y4- x- y)dxdy= ddy § (4- x- y)dx= @ (8/y- 2y2)dy=1—5
D y=0 x=-.[y y=0
. x=1 y=2 68
Cach 2: Noi cankhac: Vo = ¢ dx ¢ (4- X- y)dy=—

15

x=-1 y=x2
Vidu 4 : Tinh the tich mienV, Aid6c gidi han bdi cac AdGNg
z=4-x-yva z3 0, y=x% y3 1.
Danh cho Hoc Sinh kiem tra chi tiet. Tinh giao filem ta co hai giao fiiem :
" = 1+417 -1- V17

2 2
V= Vi1- Vs, (V2 la ket qua tren), ta can tinh V1 la the tich co fay la parabol y=x°.
X=Xg y=- X+4

Vi=q@Y4- x- y)dxdy= ¢ dx ¢ (4-x-y)dy=

XE = , the tich mien V can tinh:

Vl X=Xg y:x2
(oo 117
2 4
= 0 (-4x+8-£x2+x3+x7)dx=%\/ﬁ
X:-l-zJﬁ

2.2 Phoong phap fioi bien :

Xet | = @f (x, y)dxdy, bay gi6 fiat van fiei fioi bien trong tich phan kep co gi mdi so vai tich phan
D

fion fia hoc, muc fiich la : vi lay tich phan tren mien Dy, qua phdc tap nen ta bien ve mien Dy, fidon

gian nho cac hinh ché nhat chang han, luc fio lay tich phan rat fién gian.
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12 Ne c66ng On thi cao hoc, TS.GVC Nguyen Phu Vinh
Dy ' (Xy) « (uVv)1 Dy phep bien fioi nay 1 — 1 nen noi co phep bien fioi ngdoc
F(u,v)=(x,y) va F(x,y)=(u,v), vaco:

Va F(Duw)=Dxy (Dxy la anh cua Dy)

(uv)

g=foF

luc o ham so f: D,y ® R, tich phan cua ham so f(x,y) tren Dy, fid0c fioi bien nho sau:

D(x y) dudv =

®  fOydxdy= @ f[x(u,v), y(u,v)| ‘
ny =F (Duv) Duv
= @ foF (u,v).|det (I (u,v))|dudv = g(u,v).|det(JF(u,v))|dudv
D D,

uv

trong fiol Jr la Jacobi cua phep bien fioi .

D(x,y) _|xi X

_ {1 Xvf_ 1 _ 1
D(u,v)

ul u
/
X

/ / /

det (Jg (u,v)) = =
Yu W

y
/
\Y Vy

Vidul: Hinh chd nhat A(1,2), B(1,5), C(3,5), D(3,2), iddc bien hinh qua phep bien fioi tuyen tinh
co matran toéong 6ng la :
_¢2
&
De dang kiem chéng qua PBNTT. G ta co A;(4,5), B1(7,14), C1(11,12), D1(8,3), dien tich
ABCD=2.3=6. qua lien he toa fio :
éxu euu e2 luéuu D(x y) .
iCENE L sar Dy 0 e 3T
Vay dien t|ch mai la :
Of (x, y)dxdy = 3l.dxdy = |J|.dudv=7 dudv=7" 6=42
D D D/ D/

1¢ ~
33, tim dien tich A1B1C1D; bien hinh qua PBNTTT. G tren. Xem hinh ddéi.

v A
5% B C 4%
- - 12
) %ND
| A D 5[
A 3r-
B T < T N A s
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Nei c66ng On thi cao hoc, TS.GVC Nguyen Phu Vinh
Ta co the kiem chdng ket qua qua coing thoc & hinh giai tich nho sau:
14 _ 1‘4 8 11 7 2'

S=— XiViz1- ViXizq) ==
231( Vst W41) S5l 5 1p 14

84

:% [(4.3-5.8)+(8.12-3. 11+(11.14-12.7)+(7.5-14.4)]=—- =42,

Ta coi the gai bang cong thoc bang excel, hay Vinacal-570MS

Vidu 2 : Hinh chd s nho co 10 toa fio: fiiem 10 trung fliem 1 nho sau:

4

8

11

7

4

5

3

12

14

5

-28

63

70

-21

84

¢

TT

1

2

3

4

5

6

7

10

1

2

4

3

4

2

0

0

-2

2

2

3

4

3

O < | X

fiddc bien hinh qua phep bien fioi tuyen tinh co ma tran t66ng 6ng la :

52 10 -
g E tim dien tich S 16n qua bien hinh PBNTTT. G tren. Xem hinh.

G=ga
&l 3¢

Giai:

X

-
R [ [ [

N
N (DWW D

P Wb (o1

o WO |

> [N |N oo
N L)

10

—

—

[ o Y v R =~ O T e N (ot R~ L 2 I B |

2/

©

Dien tich:s== & (X Vi+1- ¥iXi+1)

= % " 20=10 (gai excel, hang 3)
i=1

N[

exu euu e2 1ueuu
é u-

é
&Yl eV &1 He i
Vay dien tich mdi la :

_D(x.y)

o
=J =det(G) = =7,
D(u,v) 1
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14 Ne c6ong On thi cao hoc, TS.GVC Nguyen Phu Vinh

Of (X, y)dxdy = l.dxdy = ¢|J|.dudv=7 dudv=7"10=70.

Cach khac: Qua phep bien hinh ta tim cac toa fio cua hinh S 16n mhé sau (nhd hinh ve & tren). Do

nhan hai ma tran sau ta co fizgnh cula hinh S la:
é2 1U§ 243420221@

a -
&1 3480 -2 22343210
g2 2 10 8 11 8 3 6 5 2\V 08 fio hinh S 161 la:
_§1 8 23 510 9 4 1 _1E ay toa fio hin on la:
TT 1/ 2 3 4 5 6 7 g o 10/ S
X 2 2 10 8 11 8 3 6 5 2
y -1 -8 2 3 5 10 9 4 1 -1
XiVi+1- YViXi+1| -14 84 14 7 70 42 -42 -14 -7 140
1] 1. ) |
Dien tlch.S—E_a (X Vie1- ViXis1) =3 140 = 70 (gai excel, hang 3)

=1

¢
Vidu3: Hinhtron Cy:(u- 2)2 +(v- 1)2 =1, Addc bien hinh qua phep bien fioi tuyen tinh co

co  1p
matran téong 6ng la: G = g 1 33, tim dien tich hinh ellip la bien hinh qua
€ u

PBNTTT. G tren.

- MW I o

Lo

2
3

Vay dien tich mai la :
of (x,y)dxdy = gl.dxdy = ¢

J|.dudv=7 ¢dudv=7" (11.p) =7p

Cach 2: Vong tron Cqbien thanh ellip C, qua PBNTT: Xem hinh tren.
i 1
Sy ::U:—(3X- y)
X=2u+v
:' p I ! ,Cz:l—oxz-ixy- 2x+£y2+4=0
Ty:-U+3V -I- _1 49 49 49
Tv-;(x+2y)

Sau PBN tréc giao ta fiva ve dang ellip : 5Y 2 +4—59 X2 =49 hay

X2 Y? 7
5>+ 2:1,th‘|dieznt|'chla:S:pab:pT\E:?p.
=7 6 (|5) >
&5 5
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Nei c66ng On thi cao hoc, TS.GVC Nguyen Phu Vinh 15
Vidu 4 : Mien D' la hinh tam giac O(0,0), A(2,0), B(0,2), fiodc bien hinh qua phep bien fioi phi

1
f Xl :—!
(x.%) J1+4x+4y

tuyen G: (X,y)=G(u,v)=(u+v, u®-v). Tinh tich phan cua ham: tren mien

bien hinh G(D').

0 f(x,y)dxdy= ¢ ! dxdy =
D=G(D') \/1+4(u+v)+4(u - V)
1

= 0——|J|.dudv = dudv— ldudv==2"2=2 (3

024 | 9 + 20 0 2
Vidu 5 : Mien D' la phan té hinh tron fién vo trong mp Ouv, fiédc bien hinh qua phep bien fioi phi
tuyen G: (X,y)=G(u,v)=(u?~?, 2uv). Tinh tich phan cua ham: f(x,y)= ;2 , tren mien bien

X“+y

hinh G(D').

Mot phan t6 vong tron qua phep bien fioi G trd thanh mot néa vong tron nhé hinh vel

éxu_ _éuu_ &,2.\2u D
e =g g=e - up =00
eyYu évVh @ 2uv g D(u,V)
2u 2 )
J =det(G) = =4(u”+v7); Vay:
©=,, , ‘ (u?+v?); Vay
0 f(x y)dxdy= ¢ L — dxdy= 05— 2 5|3].dudv =
D=G(D') \/(U - V)2 + 4uy p/ U= +Vv
2,2 2
=4(‘)u2+ dudv =4 ¢l.dudv =4’ pA_ =p
p/ U +v? D/ 4
j=pr= 11
Cach khac: @7dxdy— O O-—rdrdj =p ¢
D X%+ y? j =or=0"
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16 Ne céong On thi cao hoc, TS.GVC Nguyen Phu Vinh
Vidu6: | =gyxydxdy D lamien cong gidi hanbdi bon fi6dng
D
y2 =X, y=x, y*=3x, y=2x

gl
Y oy
fioi bien flat u =— , v=-—, ro rang ta co ngay t6/gidi han mien D la :
X X
1£u£3 valfvE2 va Jacobico phep bien fioi nay la:
J_D(x,y)_ (A 1 —X_S—i
D(u,v) D(u,v) |_ y2 2y y2 v
D(x.y) |2 «x
- y i
X2 X
1 -2
2 3
neu lam phdc tap hon ta co the tinh: y=— |, x =4 Dx.y) _|v vei_u
V2 D(u,v) |1 -u|
\" V2
3 2
Vay | = qpxydxdy = (‘]‘)i A .idudv:dﬁdu bd—vzlis ¢
'V2 Vv V4 V7 32
D D 1 1 y
Vidu?7: 21

Mien Q gi6i han bdi 4 fiiem (0,1), (0,2), (2,0) va (1,0),

(v- y
hay tinh I= ¢ge (¥4 X) ey

Q
Giai:
Nat u=(y- x), v=(y+x)
D(x,y) _ 1 1 _ 1
D(u,v) D(uv) ‘11‘ 2
D(x,y) |1

Mien lay tich phan oxy,
A6Oc bien thanh mien ouv nhd hinh ve.

Nen
(v- X)/
u
I= me (y+x)dxdy:£ c‘;jeAdudv:
2
Qxy QUV
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Ne' cdéng On thi cao hoc, TS.GVC Nguyen Phu Vinh 17
usv
1 odv 0 eAdu=§(e- e'l)
_ 4
v=l u=-v
Vidu 8 : Tinh dien tich mien D gibi han bdi
y>=px, y’=qx, x¥*=ay,x*=by voi 0<p<qg, 0<a<b

x2:by Iy 2 _ A

> u
Aat y* = vx, x2:uy;D(x’y): 1 1 -1 _1
D(u,v) D@V) oy _x2| |4-1 3
D(x,
(X,y) 2
2y
x2 X

vay S = qpyxdy = @‘)l dudvzl(‘)du .(‘)dvzi(b- a)g- p). ¢

D e 3 3, 0 3
Vidu9: Mien D' la hinh tam giac O(0,0), A(2,0), B(0,2), ficdc bien hinh qua phep bien fioi phi
tuyen G: (X,y)=G(u,v)=(u+v, u*~v). Tinh dien tich mien bien hinh G(D').

Giai:
éxu__éuy éu+vi D 3
a Q:Gévu é UD J= (X y¥ | /
&Y &0 eu - vg D(u,v) /
' / —
1 1 6 / _—
=)=0e(@)=|, |=-(@rau); (. ———

Vay:S= § ldxdy= ¢J|.dxdy= ¢(1+2u).dudv=
D=G(D') D D/
. =2 v=2-Uu @
2?'—.2.22+ 2¢ pudu ¢ advi= 2+§ 14
2 u=0 v=0 @ 3 3
Cach 2: tam giac vuong can OAB ben truc Ouv fidéc bien thanh mien kin ben truc Oxy. filem
A(u=0, v=2) bien thanh A’ (x=2, y= -2), fiiem
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18 Ne céong On thi cao hoc, TS.GVC Nguyen Phu Vinh
B(u=2, v=0) bien thanh B (x=2, y=4), fioan thang AB bien thanh fi66ng thang x=2, fioanh OB
(v=0) bien thanh cung OB’ parabol y=x?, fioan OA (u=0) bien thanh dédng OA’ y= -x.

T&ivi du nay, ta coi the tinh lai vi du 4 6 tro6c:

x=2y=X2 X=2 . N
o fluyddy= o o ——2H - ) Sk (2x+1) - Suf =2 ¢

O ————--0
D=G(D') x=0y=- X 1+4x+4y X=082 21

Vidu 10 : Tinh dien tich gi6i han bdi 2 Aiddng sau:
}(2): 2x% +8y?- 8xy- 16x- 2=0

i :

i(2):18y- x+19=0

Tol (1) ta co the viet lai: 2(x - 2y- 4)2:32y+340 v=2u2, Vi

fat u=x- 2y- 4, v=32y+ 34, the vao (2) ta co: v=2u+4, Tinh J:é

u=2 v=2u+4

vay S:(‘]j(jxdy:c‘|j3—12dudv:3—12 Odu ¢ av :%. ¢
D D u=-1  v=2u?
Giai: i [ ]
= 7 H2
H1--> ) \ /
AEAN /
S N - N S

Vidu 1l : Tinhdien tich gidi han boi 2 fiddng
sau& (1): 3x2 +12y?- 12xy- 12x+8y+1=0
(o) y=_1
i(2):y=-3
Giai:

Dung ph6éng phap Lagrange ta fida (1) ve: 3(x - 2y- 2)2 =16y+11

Nat:,u:x-Zy- 2::>3u2:v,r~1(3a(2)vezv:3,J:D(X’y): t -1 :i,giao
fv=16y+11 D(uv) D(uv) |1 -2 16
D(x,y) |0 16

fiiem: 3u2 =v,vav=3
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Nei c66ng On thi cao hoc, TS.GVC Nguyen Phu Vinh 19
u=1
1 1

lau=-1, u=1, vay S=[J| ¢ (3- 3u2)du:—4=— ¢
_ 16 4
u=-1
¥ 2
Vidu 6 : Tinh tich phan suy rong: || = g€ X dx:\/a , ta co the xem
-¥
5 ® ¥ , OF ¥ , 0 y=¥ x=¥ -(x2+y2)
I :é O e dx:x¢ ¢ e¥dyi= o ¢ e dxdy, mien lay tich phan 6 fiay la vong
X=-¥ b8y=-¥ 5 y=-¥ x=-¥
tron tam O, ban kinh la vo han R=¥
2 y=¥ x=¥ -(x2+y2) q=2p r=¥ 2
1= 0 0o e dxdy= ¢ Qe rdrdg =
y=-¥ x=-¥ q=0 r=0

2 o~ Upu=¥ . ‘ _ .
=2p é — 3 =p b | =\/a , t0 Aay suy ra, neu ta tonh tien thi:

¥ 2,2
Vidu7: Tinh | = ge" @ ¥ dx="2  do fioi bien mot .
¥ a
¥ ¥ 2_\2
Vidu8: Tinh 1= ¢ ¢ ) gy - 203
y=-¥ x=-¥ 3
¥ ¥ 2.2, ¥ 3y
= 0 0 e(X d W)dxdyz O Vpet dyz%,
y=-¥ x=-¥ =-¥ 3
Xem vi dui sau.
¥ ¥ w224
Vidu9: Tinh 1= ¢ ol Xy)dxdyz%:L:L
X=-¥ y=-¥ 3 § |A|
4
do fioi bien mot ti ve dang toan phd6ng
é 10
el - Zhave
_X2-y2+xy:-(x2+y2-xy):-éx ygé ZL}SXEZ-XTAX
el ueya
g 2 ¢
2

2 3
+% -y, vadet(A)=| A =

BAIl 3: ONG DUNG TICH PHAN KEP
Tinh dien tich va the tich la xuat phat cua tich phan kep . O fiay ta xet cac éng dung khac, tinh cac
fiac trong vat ly tren dien tich va the tich.
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20 Ne c66ng On thi cao hoc, TS.GVC Nguyen Phu Vinh
3.1 Momen quan tinh cua tam phang :

Mat fio khoi 166ng tai filem (x,y) la ham d(x,y) thi cac momen quan tinh theo cac truc chinh
la: Jox = Gi¥ (X, y)ydxdy , Joy = @i (x, y)x“dxdy

D D
Vay momen quan tinh cua vait the khong the triet tieu.
Noi voi truc Oz~ (Oxy) thi: I, = G (X, Y)(xZ + y?)dxdy

D

- Noi voi vat the fia giac: Nho: fiiem Mp,1© My, M;(x;,y;), i=1n

113N ) s
Jox = Ea ( XiYi+1- Xi+1Yi)g(yi +Yi+1) Yi y|+13_(Dy dxdy
=1 D
1 °= AN\ 2
JOy Ea ( XjVi+1- Xi+1y|)g(x| +X.+1) X; X'+1[§| CDX dxdy

Noi vdi truic Oz” (Oxy) thi: Jg, = (‘ngz + yzgdxdy =
D

E 5. ( i Yi+1- Xi+1yi)g(xi +Xi+1)2' XiXi+1+(Yi +Yi+1)2' YiYi+1g

Vidu 1 : tim Jy cua hinh D gi6i han boi y’=1-x, x=0, y =0 vdi mat fio khoi 166ng la d(x, y) =y

1 y=vi1-x ) 1 1 x3 x4 1
=g o yxidy=> 5 O 2(1- x)dx——(—-—)-a
0 y=0 20

Vidu 2 : tinh Jx cua cacfiioit,
co phodng trinh la:
r=a(l+cosj), dx,y)=1

w2 . i X =rcosj
taco: J, = gy dxdy, foisang toa fio coc taco ,
D fy=rsinj
j =2p r=a(l+cosj ) 2p
a(l
Iy= O o  r?sin?j rdr= gsin?j = u |o( +00s] ) g
j =0 r=0 0
42
a_ osm ] (1+cos ) d =2—pa
0 32

Vidu 4 : Tim momen quan tinh cua hinh vanh khan co 2 ban kinh a< R
a) Noi vai truc ox trong mat phang (H3)

b) Noi voi truc oz thang goc voi mat phang (H4).

Giai: z

al Jox= @ y2dxdy: M(

Dyy Ao ) M)

N

H3 H4
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Nei c66ng On thi cao hoc, TS.GVC Nguyen Phu Vinh 21

j =2p r=R
= o §n? d ¢ r¥(rar)=
j =0 r=a

— 4;;)_63?4- a*0_aRr*-a* 0
22 ; ;

j=2p r=R

bl I, = (j‘)( 2+y2)dxdy: o di o r(rdr)=p R4éa4:
Dyy j =0 r=a
NGiE

Chu y: Khi a=0 thi vi du' 3 la tré6ng hép rieng cua vi du 4.

Vidu5 : Tim momen quan tinh cua hinh vuong co canh RV2

a) Noi voi truc oz thang goc vdi mat phang tai fiiem O. (H5)

b) Noi vai truc ox nam trong mat phang ( H6), va truc x'1/Ox qua A.

¢) Noi véi truc oz thang goc vdi mat phang (H7).

d) Noi vdi truc oz tai fiiem C (gida canh) thang goc vdi mat phang (H5).

Giai:
a/ Hinh (H5): 6 fay ta lay mat fiol khoi 166ngd =1.
x=Ry/2 y=Ry/2
Joz = (j‘)(x2+y2)dxdy: 0 0 (y2+x2)dxdy:
Dyy x=0 y=0
4 2
:ST = % , VOI m=d (Rﬁ)2 = 2R? la trong 166ng cua fita vuong.
AZ
A
c A
M(x.y)
ot >
D
H7 H8 8
. Rv2
Cach khac: toa fioi coc: xg = RV2=rcosj b r= —\/_
Ccosj
® p _RJ2 0
| = = +
2. 8 4 ) 5 - art R [amR2
Joy = @ “rdrdj :29_0 d o ridr =23 -="=-="3-|,
Dyy j =0 r=0 +
: ;
b/ Hinh (H6): OA = RvV2, BA=R, Vi fioi xdng nen
y=R x=- y+2R 4 > )
Jox =2 ¢p Yodxdy=2 § O y2dxdy:% = |R-J, voi m=d (Rv2)” = 2rR? la trong 166ng cua
D y=0 X=y

Xy
fisa vuong. Noi véi truc X' ta co:
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22 Ne c66ng On thi cao hoc, TS.GVC Nguyen Phu Vinh

Jo =Jox +a%F :+R2(RJ§)2 =%4+2R4 :7—'§4(ﬁbnh ly Huygen)
N R
¢/ Hinh (H7, H8): AB=Ry2pP OC N
x=R y=R
2”2
Joz = (j‘)(x2+y2)dxdy:4 O O (y2+x2)dxdy:
D x=0 y=0

Xy

4 4 2 - 2 ) e -
= 4'; = 2'; m:st ,v0i m=d(Ry2)" = 2R la trong 166ng cua fita vuong.

d/ Sinh vien t6 giai, hinh H8.

==>H6 quay de nhé hinh H7 va hinh H5 kho quay nhat. Va ta col the so sanh sé' quay cua hinh
vuong va hinh tron qua vi du 3 va vi du' 5.

3.2 Momen ténh va trong tam :

T& fionh nghda cua bieu théc momen quan tinh, ta nhan ra rang momen quan tinh bieu hien tinh y
noi tai cua chat fiiem co khoi 160ng d(x,y) > 0 khi chuyen fiong quay quanh mot truc nao fio, nhdng
ban than no chda bieu dien Addic s can bang ténh hotc fioi voi truc fio ra sao ? moc Ao kha thi khi
quay quanh truc fio ra sao? va vi vay mot khai niem ve nolla momen tinh va toa fio trong tam A66c

ficnh nghéa nho sau : ya D
- Momen tinh fioi voi truc x la Sy = goyd ( X, y)dxdy

D
- Momen tinh fioi voi trucy la Sy = @xd (X, y)dxdy

D c

S S
. Toafioitrong tam C : X, =— | ==X
9 cT g Ye S
H9

Voi d(x,y) mat fio khoi 160ng tai fiiem (x,y) va

S= qf (x, y)dxdy la dien tich mien D.
D
. Noi voi vat the fia giac:
ign
Sox = d (X ¥ie1- Xie2¥i) (¥ + Yien) = GDYdxdy
i=1 D
1i§n
Soy s a (Xi¥ie1- Xie2¥i) (X +Xj41) = @xdxdy
i=1 D
Nho: fiiem Mp,1© My, M;(x;, ), i=1n

That vay theo fionh ly trung binh ta co:
S

Sy = @xd (X, y)dxdy = xc @ (X, y)dxdy = xc.SP Xc :?y
D D
2SN « Sx

Sy = @vd (x, y)axdy = e @l (x, Y)ixdy = yo SP ye =
D D

Nhan xet :
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Nei c66ng On thi cao hoc, TS.GVC Nguyen Phu Vinh 23
- Momen tinh co the am, d66ng, momen tinh fioi voi 1 truc nao flo.  ma triet tieu thi truc fio goi

la truc trung hoa, giao cua 2 truc trung hoa bat ky h6dng nao, cung chinh la toa fio trong tam.
That vay goi D (H9) la truc trung hoa thi

Cong thdc fioi truc ta co: X = X¢ +Xp, Sy = @xdxdy = G Xc + Xp) dxdy = Xc Gyixdy + Gxpdxdy =
D D D D

= Xc S+ @xpdxdy = Sy + @xpdxdy b gxpdxdy = Sp =0
D D D

Va momen quan tinh fioi voi truc D la nho nhat. That vay X = X¢ + Xp

2
Joy = c‘dxc + xD) dxdy = xZ gpeixdy + gx3dxdy + ZXCEj/de)d/y =
D

D D
= xéc‘fjjxdy+JD +0= x(2;.S+JD % Jp. fipcm. va co Joy = xé.S+JD
D
Va fiay chinh la fionh ly Huyghen.
- Momen quan tinh luon luon dé6ng. Va momen quan tinh fioi voi truc trung hoa D la nho nhat, so

vOi cac truc // vai truc trung hoa. y

Vidu 1 :tim trong tam cua 1 tam giac

. X
fiong chat nho hinh ve ben.
ta co phodng trinh Adding thang §+% =1, dientichS= =ab
X
=b(1- =
a YR a X bx?2 bx3 a
Sy =@xdxdy=gxdx g dy =Qxb(l- D)dx=—F--—— |J=
b 5 5 5 a 2 a3 0
2 2 2 S 2
_ba” ba” _ba Vay xC:—y:bi }abzla,
2 3 6 S 6/ 2 3

S
to0ng to ta co Y, = ?X = %b.

Mot lan nda ta tim lai Addc ket qua ma trong hinh sb cap fia biet .

Vidu 2 : tim toa fio trong tam cua hinh phang fiong chat gidi han bdi 2
A6dng cong sau y>=4x + 4vay’=-2x +4 .

x=- L 42
2 2
Dientich S=qyxdy= gdy ¢ dx =
D -2 y2
X==--1
4
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2 2 2

° 4- - 4
=2y~ )y =

0

2 N
< 3 020

=2 :3-— -dy=8
(()lé 4yby

3y2 3 4 y3 3y5 ? 16
Su=g3- Y 12 Agy=3y- L+ | =0
y > t1gY W3- S ;5

Xe =— =§ . Ye=0larorang do tinh chat fioi xéng ¢

Vi du 3 : Tim toa fiol trong tam va momen quan tinh foi vi truc trung hoa cua no, cua hinh phang
fiong chat co toa fio nho hinh ve. Col 8 filem, fiiem thd 9 trung voi Aiem thd nhat. A1(1,0), A2(2,0),
A3(2,3), A4(3,3), A5(3,4), A6(0,4), A7(0,3), A8(1,3), A9(1,0).
a) Ta ap cong thdc véi 9 Aiem (tinh bang Vinacal-570MS).
1139 90 _
x =5 d (Xi Yie1 - Xis2¥i ) (Vi + Vie1) Y =15,
i=1

(Cach bam may chinh xac, xin xem sach Vinacal-570MS cung tac gia)

S

Tinh theo tich phan: S, = (pydxdy + g ydxdy = g + 2?1 =15, do tach:

Dy D,
x=2 y=3 9
Hinh chdinhat d6oi: goydxdy = ¢ dx ¢ ydy=—
D, x=1 y=0 2
x=3 y=4 21
Hinh chdinhat tren: gpydxdy = ¢ dx ¢ ydy=— 3
D, x=0 y=3 2

Dien tich hinh S=3” 1+ 3" 1=6 hay ta co the/ dung cong thoc: ¢

tt X Y I Momen Momen ERE y
Al 1 0 tnh | 924N D ¢
tinh X
A2 2 0 0 0
A3 2 3 18 54 f
Ad 3 3 -18 -81 A1= A9 AD
A5 3 4 21 111 0 ] ) I /
A6 0 4 96 576
A7 0 3 0 0
A8 1 3 -18 -81
A9 1 0 -9 -27
S 90 552
Bang A 46
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S_giES(X__ oy ) =L 22380011 12
2@ Vi %) Tl 0 33443309 2

Vay Y. = S—SX = 1—65 =2.5 Nay tung fio cua truc tung hoa D nhé hinh ve.

Thoc ra ta co the tim trong tam cuia hinh bang cach lay fiiem gidéa fioan noi hai trong tam hinh chd
nhat tren va d6di bang nhau, ta cung thu ngay fi66c ket qua tren y. =2.5. Vi phodng phap nay ta
co the tim trong tam bat ky hinh nao, bang cach phan hinh ra nhieu manh, ma moi manh ta fia biet
trong tam cua chung, lan 166t tim trong tam noi 2 manh mot, theo t2 trong cua dien tich 2 manh fio,
va co the'....

Nay la dam cau fiuc san ché/ T, fioc lap ghep fie thanh mat cau trong cac cong trinh cau A6dng.
Khi co tai trong thi phan tren truc trung hoa cua dam se b nen, ngédc lai phan dédi truc trung hoa
cua dam se! b keo.

b) Noi voi momen quan tinh fi/v truc Ox, ta ap cong théc voi 9 fiiem nhé cot cuoi & bang tren, tinh
bang excel, hay tinh bang Vinacal-570MS.

a_ 552

G U= :
Jx = 12|a1( iYi+1'Xi+1yi)g(yi+yi+1) YiYis197 7o )

Tinh theo tich phan: J, = c‘@yzdxdy+ @‘)yzdxdy =9+37=46, do

D, D,
x=2 y=3
Hinh chd nhat dddi: @‘)yzdxdy— odx o y2dy=9
D, x=1 y=0
x=3 y=4
Hinh chd nhat tren: @‘)yzdxdyz odx o y2dy= 37
D, x=0 y=3

¢) Ne tinh momen quan tinh fioi véi truc trung hoa D, ta col the dung fionh ly Huygen trong vat ly ve
fioi truc trong cong thdc tinh momen quan tinh:

46=J, =Jp+a’F =Jp+ ?9 6b JD_46-%) 85

Ne tinh tréc tiep ta dung cong théc fioi truc: y = Yp+ab Yp=y- 25, vasau fio ta tinh t6ong to
nho bang A tren mot lan n0a, ta co:

y X Yp=Y- 2.5 Momen | Momen
Al 0 1 25 tonh quan tinh
A2 0 2 -2.5 -12.5 46.875
A3 3 2 0.5 -12 315
A4 3 3 0.5 -0.5 -0.375
A5 4 3 15 6 9.75
Ab 4 0 15 13.5 30.375
A7 3 0 0.5 0 0
A8 3 1 0.5 -0.5 -0.375
A9 0 1 -2.5 6 -15.75
S 0 102
Bang B 8.5

Xem bang ta thay lai ket qua: Momen ténh fioi voi D thi triet tieu, va
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1138 4 2 y_ 102
Jp :Eiiz.l(xi Yi+1- Xi+1Yi)g(Yi +Yie1) - Y Yi+lg:E =85 ¢
Vidu 4 : Tim toa fio trong tam va momen quan tinh fioi vdi truc trung hoa cua no theo hinh ve co
toa fioi nhod hinh sau: A1(0,0), A2(3,0), A3(2,3), A4(3,3), A5(4,4), A6(-1,4), A7(0,3), A8(1,3).
Sinh vien to giai. J, = @‘)yzdxdy: 71—628 =64, S=10
D

5_

130 130 13
S, =—b =——="-=2.1666
x= 6 - T 10 6
(Cach bam may phan nay, xin xem sach ] Ve

Vinacal-570MS cung tac gia)

S 1 2 3 4

Vidu5 : Tim toa fiol trong tam va momen quan tinh foi voi truc Oy theo hinh vel co toa fio nhd hinh
sau: B(2,3), D(5,7), A(-1,5), B(2,3). Nghiem lai bang cong thdc giai tich.

Dien tich S:
. D
133 18 C
S ZEa(Xiyi+1'Xi+1yi):7:9 :
i=1 '
Momen ténh:
133 ' B
Sx=ga (X Vier- Xisn¥i ) (Vi * Vien) = o] !
i=1 j !
:@ =45 1 g 1 :2 3 4 5
6
133 108
Sy L, (XiYie1 - Xiea¥i) (X * Xi41) oy =18
i=1
S, 45 Sy 18
Va ——X:—:S’ X.=—L =""-=2
Y=g T ¢ s 9
133 : 2 y_ 594
JOy:EE-l(Xi Yi+1- Xi+1yi)g(xi +Xj41)" - XiXi+1E=E =49.5
Ta chz nghiem lai momen quan tinh /Oy: ta chia thanh 2 vung
_X+16
X=2 =73 X=2 27
M Xldxdy= ¢ dx ¢ xAdy= ¢ x3(x+1)dx==-
ABC x=-1 _-2x+13 x=-1 4
3
_X+16
x=5 YT 3 x=5 171
M Xdxdy= ydx ¢ x%dy= ¢ x*(-x+5)dx=""-
BDC X=2 _4x+1 X=2
=73

PDF created with pdfFactory Pro trial version www.pdffactory.com



http://www.pdffactory.com
http://www.pdffactory.com

Nei c66ng On thi cao hoc, TS.GVC Nguyen Phu Vinh 27

Vay Joy, = 2r+int =49.5. Ta co truc BC=D qua trong tam nen ta tim momen quan tinh Jp (fioi
truc vOi x=2): ta van chia thanh 2 vung
_X+16
X=2 3 X=
@‘)[x- 2]2dxdy= O dx 0 [x- 2]2dy= [x 2] x+1 dx—z
ABC x=-1 __-2x+13 x—-1 4
=3
_X+16
x=5 3
c‘ﬁ[x- 2]2dxdy= odx o [x- 2]2dy=
BDC X=2 _A4x+1
y_
3
X7 2 27 27 27
= o[x-2]°(-x+5)dx = - Vay Jp =7+ -=185. Cothe tim:

xX=2
495=Jo, =Jp+a’F =Jp+2°.9b Jp=495- 36=135
Vay momen quan tinh fioi vi truc trung hoa larbe nhat. ¢
Vidu 6 : Tim toa fio trong tam cua hai hinh: hinh goc va hinh bien hinh, mata fia xet 6 vi du 2, muc
2.2, col cac toa fo theo bang:

TT 1 2 3 4 5 6 7 8 9 10
X 1 2 4 3 4 2 0 2 2 1
y 0 -2 2 2 3 4 3
fiddc bien hinh qua phep bien fioi tuyen tinh co ma tran t66ng 6ng la:
eZ 1u
€1 3
Nhan ma tran G voi matran M, 1, 0 tren ta fiodc ma tran toa fio bien hinh nhé sau (H1):
X 2 2 10 8 11 8 3 6 5 2
y -1 -8 2 3 5 10 9 4 1
Dung cac cong thdc trein fie tim toa fiol trong tam 2 hinh 6 H1:
é34u é91u
€15U €154
trong tam hinh goc: &, trong tam cua hinh bien: & u-->H1
e23u e’
815§ CRY

A

:

N
\\
L

NV

||
/\\

Ll H2
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6341 , .
62 13€50_&550 ¢4 =0 N
Chuytaco: g g€, u=€_"u?Vaneulay: G=; - lam phep bien hinh: nghéa la nhan
&1 30624 74 §2 14
8158 834 2 28

ma tran G voi matran M ;o O'tren ta AG0c ma tran toa fio bien hinh nho sau (H2):

x| 0.5 [2.732|0.267949 | -0.232 | -0.598 | -2.4641 |-2.598| -0.7320.13397| 0.5
y|0.866|0.732| 4.464102 | 3.5980 |4.9641 | 3.7320 | 1.5 |2.7320|2.232050.8660
Dung cac cong thdc tren fie tim toa fiol trong tam 2 hinh 6 H2:

6340
€15U . 5-0.194572( \
Trong tam hinh goc van la: é150, trong tam cua hinh bien: g E> H2, ta van co
823y 82.729657
815§
A \6340
é1 -J3u2l
82 2 02153_ €-0.1945720
€3 1 Ya23y &.729657
€2 2 Hasg
é2 1u N N N . s
Nhan xet: Matran G =g 1 3(, ban fiau la ma tran cua phep bien fioi affin nen hinh bien se bt meo
€ u
§J= ;ié@
mo, con ma tran G = g\; 2 Hsau la cua phep quay (hinh bien khong meo mo) cua co the, nen
V3 1
€2 248

toa fio trong tam fAddc gid nguyen qua phep quay, cac thao tac tinh toan tren, co the cai fiat thuat
toan bang excel.

C
Vidu7: Tinh hai tich phan: I=cgxadxdy,
J= c‘n‘)xzdxdy D la tam giac co cac fiznh la T
D B
A(2;3), B(7;2), C(4;5).

Giali: Xem hinh
x=4 y=x+1

Vay 1=8+18=26
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Cach 2: T6 2 bieu thdc I, I muon tinh, fio chinh la momen tinh, momen quan tinh cua tam giac fi/v

=3
truc Oy. Nen 6 fiay ta co the ap dung cong thdc: ghxdxdy = S, :% A (X Vi1~ Xie1¥i) (X + Xi41)
D i=1

1T 1 2 3 4
X 2 7
y 3 2 5 3

Xem cach bam may nhanh Vinacal-570MS (cung tac gia) cho cong thoc tren, ta co

I= gpxdxdy = %156 =26, toong to: cpydxdy = %120 =20.
D

Tinh J = (‘]‘)xzdxdy. bang cach tach 2 tich phan:

x=4 y=x+1 x=4
h= 9 xldx @ dy= x2(—6)“;>12)dx=£56
X=2 y:%+1—57 X=2
X=7 y=- x+9 xX=7
b= x%dx  § dy= o x? (— 4X5+28) dx = 429 =>J)= 1§6 + 429 =
X=4 y="X+17 x=4
5 5
=119

Cach 2: Nhé cong théc momen quan tinh:
i=n <

w2 _ 1'% 4 2
J = @X dXdy—JOy—Ea (i Vis1- Xi+1Yi)g(Xi *+Xj41) - XiXi+1E
D i=1

1 1
Bam may tong tren: J~, = —1428 =119, t66ng t0: J~, =—828=69 ¢
y tong Oy 1 g Ox 12
Vidu8: 5 4 3x2 A1 1

Mien Q gidi han bdi 4 fiiem (0, -2), (0, -4), (-2,0) va (-1,0), 0

hay tinh I= C‘.‘)g(y+ 2x)2(x + y)E,Idey -1
2

Giai: Y

Nat u=(y+2x), v=(x+y), -3

D(x,y) 1 1 _ Eta

= = =1
D(u,v) D(uv)

2 -
1

D(x.y)
Mien bien hinh la mien hinh thang nho:
-2 v=u/2 -2 4
| =(ﬂy+2x)2(x+ y)dxdy = gu® § vdudv= 3u” 4, =372
_ 8 5
Q -4 v=u -4

Cach 2: Tinh trdc tiep, ta phan ra hai mien D; = ABC, D, =ACDE
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x=-1 y=0

I, = @dxdy= ¢ o) (y+2x)2(x+ y)dxdyz—_ 356
D, X=-2y=-2x-4 15
x=0 y=-2x-2 )
I, = @dxdy= ¢ o) (y+2x)2(x+y)dxdy=1—52
D, X=-1y=-2x-4 3
-356 152 -372
| :|1+|2: - = )
15 3 5

tinh chi tiet danh cho sinh vien.
Vidu 8 : Mien Q gi6i han bdi 4 fiiem
(-2, 2), (0, 2), (3,0) va (5/2, -1),

.3 ‘ |
hay tinh I= ¢ +§2 dxdy 2 a0 172
C% 39 051
Q
Giai: .
S 2X e
Nat u= y+?, v = y(co the fat tuy y)
D( x, . L R o -
(X y): 1 = ! :§.MleznbleznhlnhIamleznhlnhthangnho.co.toanoztheosonoznhan
D(uv) D(uv) 2 2
D(x,y) 0
5
-2(0|3 5
212(0|-1
ma tran (bang nhan): > > >
3 1 5|2|%| 3
0 1| 2(2|0(-1
.3 2 v=2
I=§a‘)§ey+§2dxdy=§@13 0 dudv=—1832
2Q 3 g 23 2+ 4= 135 >-

Vi du 9: Mien Q gidi han boi 4 fiiem (-2, 0), (L, 2), (4, 1) va (-1/2, -2),
hay tinh I= Ggf 3y - 2x)3dxdy
Q

Giai: 3 2

.3
| = a)3y- 2x)3dxdy= c‘.‘)27§ey- 2—;9 dxdy
Q Q e

Nat u=y- 2—; v = y(co the fiat tuy y)

D(x,y) 1 1

= :_72
3
0

-3
D(uv) D(uv) 2
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-2 1

I
NP

Mien bien hinh la hinh thang nho (bang nhan):

| 1
(63}

N wih| N
T R

1
N w

BAI TAP
1/ Tinh cac tich phan sau:
13 31
al | =g(g(x- y)ydy)dx va J=g(q(x- y)ydx)dy .
02 20

so sanh I val
1 x x 1
b/Cho K=g((Xx- y)ydy)dx va L=¢(g(x- Yy ydx)dy.
00 00
So sanh Kva L, té fiol cho ket luan.
1x
¢/ Chong minh : QOO(X- y)ydydx =
00
2/ Hoan vi can tich phan sau:
2 4 3 2y e Inx
a/ odxof(x,y)dy bl gdy of(x,y)dx cf gax o f(x y)dy
-2 x? 1 0 1 0
3/ Tinh cac tich phan sau:

X - y)ydxdy

Oo,l—\
<Q:H

a) (‘_-.‘jcos2 X +sin? y)dxdy, D la hinh vuong: O£ x£pz,0£ yEpZ
D

b) goxIn ydxdy. D lahinhchéinhat O£ x£4,1£yfe
D

0 Y. Dxacfinhbdi  x21, y31, x+y£3

b (x+y)3

d) G‘JXZ(Y- x)dxdy. D gi6i han bdi cac iddngy = x*, x =y*
D

4/ Tinh cac tich phan sau:
a) aYx+y)3(x- y)dxdy. D gidi han boi:
D
Xx+y=1 x-y=1 x+y=3, x—-y=-1
b) @2x- y)dxdy. D gidi han boi :
D
X+y=1 x+y=2, 2x-y=1, 2x-y=3
C) dpxydxdy. D gidi han boi :
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xy=1 xy=2,y=%X, y=3x (x>0, y>0)

d) cpyx?+ y? dxdy. D gi6i han bdi :

D

X +y*=a, X’ +y°=4a’ (a>0)

) @%. D gioi han boi y=4/1- x2 va ox
D X“+y +1

f) (jbxy2 dxdy. D gi0i han bdi cac A6Ging tron:
D
X+ (y—-1Y=1,va x*+y*—4y=0

2 2
9) ae* 7Y dxdy. D lamien x*+y*£ &
2 2 2 2
h) Gyl 5 25 dxdy. DlaEllip >+ =1
D a“ b a“~ b

5/ Tinh dien tich phang gidi han bdi cac AGing :
a) xX2+y?=2x, xX*+y?=4x, y=x, y=0
b) (x —2y+3)%+ (3x + 4y —1)*=100
c) xX*=ay, xX*=by, y*=ax, y’=bx (0O<a<bh, 0<a<b)
d x=4y—y*> , x+y=6
2 .2 _ 2,2 2
e) X+ty"=1lva x°+y \Ex
6/ Tinh the tich gidi han boi cac mat :
a) y=1+x%,z=3x, y=5,z=0nam trong phan tam thé nhat.
b) xX*+y?=2, z=4—-x*—y*, z=0
c) x2+y2:a2, X2+ 72 = 32

d x=0, y=0, z=0, —+=+—-=1

e) z=xX*+y?* , z=x+y.
7/ Tinh momen quan tinh cua :
a/ Hinh vanh khan co cac ban kinhd, D, d<D, d=1 (t&khoi) .
- Noi voi tam cua no
- Noi vai fidéng kinh cua no
b/ Tim momen quan tinh cua hinh vuong canh a fioi voi truc fAi qua
fiznh cua no, trdc giao foi vi mat phang cua hinh vuong ,d=1
¢/ Tim momen quan tinh cua mien gidi han xy =4, x +y =5,

d=1, foivoi iddng thang y = x.

8/ Xac fionh trong tam cac ban phang fiong chat gi6i han béi cac iddng :

2 2
a) X_+y_:1’ X_+y_:
25 9 5 3
b) y?=x, xX’=y
C) y=+vV2x- X2 y=0

9/ Tim momen quan tinh cua hinh
vuong ben vai truc Ox :
10/ Tim dien tich giao bdi 2 AddNg:
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1 y=-2x2+12x- 8

| .

1 2 (lam tieu luan)

ix=-Y +¥, 3L - A

i 4 2 4 Ve B

y=¥ x=¥ (-2x2-3y2+2xy)
e

11/Tinhl = o 0O dxdy

y=-¥ x=-¥
12/ Trong xay déng, Ng6di ta dung may
kinh vi fie fio khoang cach va
goc xoay (vi du Aau tien Adng tai Aiem 1,
ta se xac fionh fi6dc khoang cach
12, fiéng 6 2 ta co them 23 va goc

. ua uua ]
fiotnh h6dng ddﬁnq(Zl, 23)) .. cuoi

11

cung fidng lai 6 1 ta co them
. A A uuur uwm .
goc fonh h6dng doonq(l, 11, 12) nho

hinh ve. Hay mo hinh cong thdc tinh
dien tich hinh nay véi cac khoang

cach va goc nho hinh ve va cho vi du 6

roi dung may tinh Vinacal fiei tinh. . 8

(Bai nay danh cho Sv lam tieu luan). A i<\
13/ Cho 5 fliem A;1(2,-2), A2(4,2), A3(3, 2),

A4(4,3), As(2,4). Bay gi0 tonh tien |

5 filem na}/uthanh B1, Bz, B3, B4, Bs 2} S

voi vecto @ =(1,0.5) . Tim toa fio A

trong tam cua fia giac kin o /

10 fiilem tren nho hinh ve! Al

NS=(43/12, 43/24)

14/ Cho hinh phang bat ky, lay mot fiiem ™ 1 2 3 4 5
M trong hinh phang fio. Hay tim mot truc qua fii qua filem M, sao cho momen quan tinh cua vat
(hinh phang) fioi vi truc fio la nho nhat.
(Co the la truc qua M va fii qua trong tam cua hinh phang ?)
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Phan 2:
Nai so: Ma tran, Nonh thic, He phoong trinh, KGVT, Anh xal tuyen tinh

CHOONG 1
MA TRAN-HE PHOONG TRINH TUYEN TIiNH
BAI 1: MA TRAN
1.1 Nonh nghéa:
Mot ma tran mxn la mot bang ché nhat gom mxn phan t6 nh6 sau:
éa_']__']_ a12.... aln l;l

A

u

_ @ ar.... don e
A_ga HI Mmn(R)

& 0

8m1  3m2-- 3mnl
Tacocac ky hieu: A=[a;] i=1,.m, j=1,.,n
- Hai ma tran A va B bang nhau, ghi la A = B, neu chung co cung dang kich thééc va cac phan to
t00ng Ong bang nhau.
- Trong trodng hdp m=n goi la ma tran vuong, va neu trong ma tran vuong ma co tat ca phan to fieu
bang 0, ngoai trdi cac phan t6 tren fidéng cheo chinh bang 1, thi ta goi fio la ma tran fién vo.
. Ma tran chuyen vo A" fid6c xay déng t6 ma tran A, bang cach fioi hang thanh cot cua A.
€1 @y @my U

e u

_ ealz a22.... am2 s
T Mpm(R)

& l;I

@1.1 a2n.... am’ng

a, €—o6——0
Ay Ay M 0
ag) azg ag 0

I I N O 0
any anp apz I apy

c/

AX + 2z+wu é3 5
Vidul: Timx,y,z,w sao cho: S y E: €3 Su
gX-y zZ-w SL 4

o

Ta fiddc he phdbng trinh:
X+y=3;x-y=1, 2z+w=5; z-w=14
Nghiemcuahelax=2,y=1,z=3,w=-1.

T
Vidu 2: hien nhien ta co (AT) =A

1.2 Cac phep toan tren fiai so ma tran:
ChoA,B,C,0 T Mp,, a, bl R
Cong: C=A+B U [Cij 1= [ai,- 1+l bij ]
Nhan vo hodng: a A =[aa; ]| Mmn,al R.
n
Vet cua matran vuong AT M, tr (A) = & &
i=1
Ta col cac tinh chat sau:
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Q) (A+B)+C=A+(B+C)
()] A+0=A

) A+ (-A)=0

(V) A+B=B+A

(V) a(A+B)=aA+aB
(Vi) (a+b)A=aA+bA
(v (a. b)A=a(bA)
(V1) 1L.A=A

Vay tap cac matran 1 Mpma(R) co he so thoc, la mot KGVT tren R.

Nhan ma tran v0i ma tran:
Gia so [aj] va [bjj] la cac ma tran sao cho soi cot cua A thi bang soidong cua B nghda la Am va By p.
Khi fio tich cua ma tran A va B, ghi la AB la ma tran m x n ma so hang c;; thu fidéc bang cach nhan
vo hoong vet6 dong tho i cua A vOi veto cot tho j cua B, cu the:

P
Cij =Q101j + @) +...+ & by = A &by
k=1

S6 fio nhan ma tran:

Vidul: S6 fioinhan ba ma tran:
[ A(2,2)* B(2,3) ]*C(3,2)= D(2,2) nho hinh ben dbdi:

él -1y 51 1 -1y éO Zl;l
A=g @B=g aCc=51 1!
2 14 & -1 15 ¢ u
el -1y
0 2
1 1 -1 1 1
2 -1 1|-1 -1
1 -1|-1 2 -2 4 2
2 11 4 1 -1] 2 10
_ 4 20
ma tran cuoi D(2,2):g4 E
& 10g
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Ta co the viet fioan ma Pascal tich 3 ma tran
[A(m,n)* B(n,p) ]*C(p,q)= D(m,q) nho sau:
Khai bao dimension A(m,n), B(n,p), C(p,q), D(m,q)
for i=1,m do begin
for j=1,q do begin
D(i,j)=0;
for k=1,p do begin
for kk=1,n do begin
D(i,j)= D(i,j)+ A(i,kk) * B(kk,k) * C(k,j);

end
end
end
end
4 .
viduz: c=5 %irop=5 “fiop cp=o=5 j DC= SO o
& of &l of ® o & o
To Aay ta thay rang, trong ma tran neu co CD=0 -4 (C—O hay D=0).
€© 0 2u €l 2 4 €0 0 Ou
o _ u _ u — u
Vidukhac C=g0 -2 Ly 0,D=8 0 0 0P CD=2 0 OG-
g0 1 -1y g 0 oy g 0 0oy
Vi du3: Nac biet nhan 2 ma tran hang va cot, ket qua la so thdc:
ec U
€,
[m h L hn]g232*"101”‘202”‘3("/3,+|—+hncnT R
é u
&n i

giong nho tich vo hédng chinh tac fia biet 6/ 16p 12 pho thong.

Tinh chat tich ma tran:

1/ Al =1, A voi AT Mnp, InT M, (ma tran fidn vo cap n)
2/ A(BC)=(AB)C

3/ A(B+C)=AB+AC, (B+C)A=BA+CA

4/ Tong quat ta khong co AB=BA.

Vidu 4: Lay lai vi du tren fie kiem tra sé fio. nhan A(BC)

0 2
11
v w1 . 60 2 1 -1
- e - A -
a=g - aCc=21 1l 1 1 1] 2 a4
© 107 1 e u
g1 -1§ 2 -1 1]-2 2
1 -1 4 2
2 1] 2 10
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R

ma tran cuoi A(BC)=D(2,2) = 84 Eso sanh voi vi dul 1.

& 10g

- Luy théama tran: AT Mu(R), ta ky hieu nhé sau:

A=, A1 A, A2=AA, AT =AM 1A,
o o ©oll @ooy
Vidus: A=&0 0 Iu A2=0 0 ou, >=80 0 05=0
i : .
2 0 Ou © o of 0 0 Of

Vi du6: Cho ma tran A vuong cip 2007 ma phan tir & dong tht i la ( 1)i i, thi phan t ¢ & dong 2
cot 3 cua A? la:

2007 :

28 (-1)' i=2¢-1+2)+(-3+4)- .......(- 2005+ 2006) - 2007p=
1

_ 62006, .\ o U_

_28 > (2) 2007H 2008

Nonh ly: Giasé A, BT Mu(R), va giao hoan fisdc, nghia la AB=BA. Khi fio:
1/ (AB)™ = ATB™,
2/ A™- BM=(A- B)(Am'1+Am'zB+Am'3BZ+L+ Bm'l).

i_

, I
3/ (A+B)"= 8 cl amigl ¢l =M
(A+B)7= 4 Cm ™ im0y

o I

Nonh ly: AT la ma tran fiooc thiet lap t6 A bang cach fioi dong thanh cot vay: AT Mna(R), va
ATT M,m(R)). Ta co cac tinh chat sau:
. T T
i/ (A ) =A.
il (A+B)" =AT +BT.
iii/ (AB)' =BT AT .
BAIl 2: HE PHOONG TRINH TUYEN TINH

2.1 Nonh nghéa:
He phdong trinh tuyen tinh la hel phédng trinh co dang
tong quat (m * n):

1891% +3go%p +K+ay, X =by
|
[ap1X) HagXy tK+ag,x, =by

1 7
(HLLLLLLLLLL

tam1Xq +amoXo +K+am, X, =by,
Trong fio:

U Ay nx=b
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éa;; ap L apu
a

é
gd21 ax»n L agy
(20 Ayn=L O O L Ulamatranhesocua (1),
é a
éL O O L l;l
8m1 am2 L am
€x1 0 éb, u
ey €y, U
=870 B, =€20
eLu eLd
e U u
éXn mQ

éa;n L a5 | bu
3 Amwmy=el L L | Lg=gAby=[Ad,
@m1 L amn | bmi
la ma tran moi rong cua he (1).
He nay co m phéong trinh tuyen tinh, n an so X, ....., Xn.
He fi6oc goi la thuan nhat neu cac hang soib;, ..., by tat ca bang 0.
2.2 Nghiem cua he phodng trinh tuyen tinh:
- Bo (X1, X2, X3,.....Xn) gOi la nghiem neu chung thoa man he (1). Giai hel (1) la tim tat ca bo
nghiem tren.
Hai he phddng trinh tuyen tinh goi la tdéng fidéng neu chung cung chung mot tap nghiem.
Chu y he thuan nhat luon col it nhat mot nghiem tam thééng la (0,0,...,0).

2.3 Cac phep bien fioi s6 cap (PBNSC) tren dong cua ma tran:
Phep bien fioi sd cap tren dong (PBNSC) cua ma tran gom:

1/ Noi cho 2 dong cho nhau.

2/ Nhan mot dong voi mot he so khac khong.

3/ Cong vao mot dong voi mot dong khac sau khi fia nhan vai mot hang so.
AT Mua(R). Mot PBRISC e tren matran A fie fiodc ma tran A/, taky hieu A%5® A’ .

~ ~ /
Nhan xet: Neu e la PBNSC bien A thanh A/, thi cung co PBNSC €’ fiel sao cho A Y@ A.
Nonh nghia: A, BT Mnq(R) fiédc goi la tééng fiséng dong, khi A co fivdc td B qua hdu han mot
so PBNSC. Luc fio ta ki hieu A ~ B.
Nonh nghia: Mot ma tran vuong S Addc goi la ma tran sé cap khi co mot PBNSC sao cho
| %.5%® S. Khi fio'ta viet S = e(l).
gl 0 2@
Vi dul: S:SO 1 03 la ma tran so cap vi | % %7%p s
0 0 1
- Menh fiei AT Mmna(R) (khong can vuong). e la Mot PBNSC. Khi fio:
AYS® AT Mpnva |, %% ST My, thi: A'=SA.

&l 1 20 & 5 80
Viduz: A=g4 3 23,A3/4%+32d§/® A=5 3 2!
B 2 34 g 2 34
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él 0 20

sl-go 1 Ou la:ma tran sb cap vi | AN S
U 1EI
€3 5 8u €l 0 20él 1 20

A’:g4 3 23:31A:20 1 0324 3 ZH.Tiezptu'c, hoan vo dong 2, 3:
23 @ 0 14§ 2 3

€ 5 8u € 5 8u
A=% 3 2Un%Yve A’ =5 2 3 1 %%YIe s,
gl 2 3§ & 3 2§
61 0 O 61 0 Ou&l 0 2uél 1 2y
_é a I _ & ué aé a_
$=50 0 g Vay A =0 0 1920 1 ogé4 3 2@—8281A
g 1 oy €0 1 Ogé0 O 1gg1 2 3§
1 20 5 8
Vi du3: A= 5 i A/ﬂ/ﬁd@/@ A= i
81 &1 2 3j

20 Ia ma tran so cap vi | 7. 37 %@ S, . Hay tht lai:

,e358uSe12ue112u
& 2 N E 108 o
- Hequa: A, BT Mna(R). A~ B khi va chz khi ton tai cac ma tran sb cap Si, Sz, Ss,...., Sk cap m
sao cho: B= Sk Sk1....  S2.S1. A
Do A%I® A %%@ A, %P@ AL %:%® A =B

ta co AL = S1A, Ay, = S,A;, Az = S3A,,..... .. ., BEAL = SKAK1,

suy ra fipcm.

. Chuy: Neu e la PBNSC tren cot

AT Mna(R) (khong can vuong). e la Mot PBNSC tren cot. Khi fio:

AYS® A’T anva* | %5 ST M, thiz A'=AS.

1 2
Vidu A=§ 374371°§+5?1® PUSS S
g3 40
ou. . 1 0
=& E%%@I%@S =£ ﬂ
&0 1f &1l 1g
1 2 2061 OO
Hay tho lai: A= e E— _¢ Ee E
&1 af “& 4081 0

2.4 Nonh ly ve cac phep bien fioi s cap:
Nonh ly: Sau héu han cac phep bien fioi s6 cap tren he (1) ta thu fiddc he tédng fivdng.
Chdng minh fionh ly nay kha fidén gian.
Vidul:
1X1-3Xp- X3+2%X4 =3 él -3 -1 2 3u
He |3xq +5Xp+9X3- 4%, =-8, 5 9 -4 -8,0 L®

23
Lax, - 3x,+5xg+7x, =14 @4 - 5 7 14§
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é u
é -3 - 2 f
él -3 -1 2 3u él 3 -1 L ;’(J
0 9 9 -1 2%9&% 1 1 = “u
€ u- e 9 9u
g) 14 12 -10 -17E| (:g 76 -181@
© 0 -2~ =
é 9 9 0
i
| Xl- 3X2- X3+2X4 =3
|
Vay he fiau t66ng A6ong: { OXp - 9X3- X4 =2
: - 2X _7_6X —_@
i 37 9™ 9

va ta tim nghiem tren he fién gian nay de dang hén nhieu.

Vay sau hou han cac phep bien fioi s6 cap tren tran Anm, n, ta thu i00c ma tran t6ong A6ONg, ma
dang cua ma tran sau cung A’ co dang bac thang ( nhong he so khac zero tao thanh bac thang rut
gon ).

Nonh nghéa ma tran bac thang: R T Mm o(R) fid6c goi la ma tran bac thang rut gon neu cac fiieu
kien sau fay nooc thoa:

i/ Cac dong zero (neu co ) phai 6 ben dodi cac dong khac zero (neu col).

ii/ Phan t6 fau tien khac 0 tren cac dong khac zero (neu co) la so 1, va ben dddi cot cua so mot nay
tat ca fieu bang 0.

g1 o
é ,u
0 1 "y
Vi du: ma tran bac thang co dang nho sau:€g9 0 1w U
é a
(:gO o MW Og
& 0 o of
Nonh ly: Moi ma tran fieu tddng A6dng dong vdi ma tran co dang bac thang rut gon duy nhat.
e0 2 -40 é1 -4 50 é 0 3
é a é a é a
&1 -4 57 20 2 -43 D 1 -24
Vidu2: A=é3 1 70® € 0 5 -10U® €0 0 0u=B
é a é a é a
@0 5 -105 &0 -11 22, O 0 Oy

€2 3 O €0 -5 104 &0 O OH
B la la dang ma tran bac thang rut gon t66ng i6dng voi A.

i Ox +2y -4z=0
-': -1x -4y +5z=0
Bay gi0 neu goi X, y, z la nghiem cua ? 3x +1ly +7z=0 thi chung cung la nghiem cua
::: Ox +5y -10z=0

T 2x +3y +0z=0

i1 +3z=0 D
:, X Z= va nghiem nay Ia:% y=2t
i 1y -272=0 1

(2=t

Luc nay ta fionh nghda hang ma tran nho sau:
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Nonh nghta hang cua ma tran:  So hang khac zero cua ma tran dang bac thang rut gon cua ma
tran A Ai6OC goi la hang cua ma tran A. Ky hieu la r(A), fioi khi con ki hieu la rank(A).

Ngd60i ta con fionh nghba hang cua ma tran la bac 16n nhat cua mot fionh théc con nao fio khac zero
(AdAic trich ra tdr A, k hang, k cot bat ky va moi fionh thoc cap k+1 trd fii fieu bang 0). Ta co the
chdng minh hai fiocnh nghéa nay la tééng fiudng.

€2 1 4 5 6u

0 3 2 3 0
€ U co hang la 3, vi fiay la ma tran bac thang chda rut gon, va moi ma tran
€ 0 4 1 &u

& 0 0 0 0f

bac 4 fieu bang 0, vi chéa hang thé té toan bang 0. Vi du' nay cho ta thay 2 fionh nghda ve hang & tren
la td6ng NGONG.

Menh fie: AT M, n(R) khi fio:

i/ 0<r(A) <min(mn).

ii/ Neu A~B thi r(A) =r(B).

i/ r(A) =0 <==> A=0.

iv/ r(A)=r(A")

2.5 Nonh ly Kronecker-Capelli:

Nonh ly: He Ay ,.x=b (1), trong fio: [ A¢ = gA| b, ta co cac ket luan:

a/ Taco hoac r(A) = r(A") hoac r(A)= r(A) +1.

b/ (1) co nghiem khi va che khi r(A)= r(A’), cu the:
Neu r(A)= r(A)=n, (n la so an) thi he co nghiem duy nhat.
Con neu r(A)=r(A") < n, (n la so an) thi hel col vol soi nghiem.

V/0i so an td do la n - r(A)
¢/ r(A) < r(A)=r(A) +1, he vo nghiem.

Vidul: Déa vao fionh ly Kronecker-Capelli, xet vo tri té6ng fioi cua 4 mat phang trong R*: che rol cau
truc nghiem cua he phédng trinh neu co:

(Diagx+by+cz+d; =0

(2)j apx +byy +Cyz+dy =0

(3){ agx +byy +cgz+d3 =0’

() agx+byy+cyz+dy =0

éa; b cu ea by ¢ |-did

a é a

fat A=€2 2 C2q [Alb] = €72 by Ca|-day
€3 by c3U €3 by c3|-dgzu

e X e i

4 by ¢y €y by cy|-dgq

Do soi an it hén so phddng trinh nen khong bao gidi co

r(A)=r([Alb])=4. Vay chz con cac tr6dng hop sau:

1/ r(A)=r([Alb])=3, $! nghiem la mot fiiem (Xo, Yo, Zo).

2/ r(A)=3 < r([A|b])=4, vo nghiem. He suy bien thanh ba mat phang (mp) cat nhau, va co mp (4)
/[ vOi mot trong ba mp tren.

3/ r(A)=2 = r([A|b])=2, vo so nghiem. He suy bien thanh hai mat phang cat nhau. Nghiem nam
tren N6ONg thang giao tuyen.
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4/ r(A)=2 < r([A|b])=3, vo nghiem. Hei suy bien thanh hai mat phang cat nhau, va co mot mp //
vOi mot trong hai mp tren.
5/ r(A)=2 = r([A|b])=4, vo nghiem. He suy bien thanh hai mat phang cat nhau, con hai mp // v0i
mot trong hai mp tren.
6/ r(A)=1 = r([A|b])=1, voi so nghiem. He suy bien thanh mot mat duy nhat, con ba mp kia trung

vOi mp tren.

7/ r(A)=1 < r([A|b])=2, vo nghiem. Hei suy bien thanh mot mat duy nhat, va col mot mp // voi mp
tren.

8/ r(A)=1 < r([A|b])=3, vo nghiem. He suy bien thanh mot mat duy nhat, va co hai mp // vbi mp
tren.

9/ r(A)=1 < r([Alb])=4, vo nghiem. He suy bien thanh mot mat duy nhat, va coba mp // voi mp
tren. (2

1X1-2Xp- X3 +X4=2
Vidu2: Giai he: }3x1- 6Xp - 4X3+2X4 =4<==> Ax=Db (1)
¥-x1+2x2+2x3 =0
1 -2 -1 1 -2 -1
Taxetcap3:|3 -6 -4=|3 -6 -4:1‘; :j:o
-1 2 2 0 0 1

Xet fionh thoc cap 2: ‘ 10, nen rank(A)=2. Xet ma tran md rong A’ ta co:

1 -2 22 1 -2 2

3 -6 4=3 -6 4:2‘1 '6‘:0,

-1 2 0 [0 0 2 )
=> r(A")=2=r. Vay hel co nghiem (co 2= n -r = 4-2 bac to' do)
I X1- X3 =2+2X3- Xg

==> X1=2Xp -2X4 +4 X3 = -X4+2,
’:‘3X1- 4X3 :4+6X2- 2X4 ' ? ) : )

é1 -2 -1 1|20 el -2 0 2|4d
Cach2:53 -6 -4 2(4® ..® 0 0 1 1|24=>ketqua.
&1 2 2 0|0§ & 0 0 0|0
Nhan xet: ( X1, X, X2, X4) =(4.0,2.0) + x5 (2,1,0.0) + x,(-2.0,- 1.1), ta
e (0 e ) 155555 2{55555Q 4155555555)
(0) N@) NE)

co x(% laN° cua Ax=b, con x?, x@ la N cua Ax=0, hay kiem chong!
Vidu3: Giai vabien luan he phtdng trinh theo tham som:
IX+y+z=m
'1 X+y+mz=1
: X+my+z=1
fmx+y+z=1

é1 1 1|lmu €l 1 1 ma
é g @ a
gl 1 m) 15- e 0O m-1| 1-mg
e Um € a | s .
el m 1 1a®§0 m-1 0| 1- mg® Neu m-1=0 thi
é U e 2U
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43

(;el 11 1@
®§O 00 E@ He co vo so nghiem
& 0 00U
© 0 ooy
Neu m-11 O thitiep tuc bien foi.
el 11 mu €l 0 1| m+10 €é1 0 0| m+2u
p& 10 '13...®go 10 -13@20 10| -1
€ 0 1| -1W0" & 0 1| -10 é&@ o0 1| -1
© 1 1|1+mg & 0 0|m+35 & 0 0|m+34
Tom lai: -m*1 vam ! -3 hevo nghiem.

- m =-3 heduy nhat nghiemx=y =z =-1.
- m =1 helvo so nghiem.
Vidu4: Giai va bien luan he phodng trinh theo cac thong soi a,b:

i bx +ay +z =1
|1(2b- Dx +ay +3z =1
1 bx +ay +(b+3)z=1
Giai:
z X
y él a b 10
é¢ 1 a b 1u & G
= ©=> S -2a  -b-1 -2V
€ 3a 1Y e u
§H3 . X 15 8 a(-b-2) -bb+2) -b- 2§
(Aél a b 1@ (Aél a b 1@
a/bt-2: => 0 2a b+l 23 =>20 -a  -b -13
g -a -b -1y €0 0 -b+1 0f
L0 0 0y
_ a
—>SO a b 10

€ 0 -b+l Of
bt 1,at 0:=> N°=(0, 1/a, 0) duy nhat nghiem.

z Yy X zZ Xy
b=1 el a 1 1 el 0 Ou (A)=2=r(A)<n=3
=1 => @A l:l =>| a l:l, r =2=r <n=
Q -a - 1 - 1(J 8 1| a 1(J
g0 0 0 oy g€ 0 0 Oy
==>V/0 so N°, khong gian nghiem la fidéng thang.
z Yy X zZ X y
el a -2 1l él -2 a 1o .
b/ b=-2: ->SO oa -1 297 & _1| 25 U r(A)=2=r(A)<n=3
a L& a
g0 0 0 og g0 0 O 0Oy
==>V/0 so N°, khong gian nghiem la i6éng thang.
Tom lai:

-b11,bt-2,at 0:=> N°=(0, 1/a, 0) duy nhat nghiem.
-b11,bt-2,a=0:=> Vo N°
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- b =1, Voiso N°, khong gian nghiem la fiséng thang..
- b =-2, Vo so N°, khong gian nghiem la fié6ng thang.
Thatrataco 23=8 tr6dng hdp, rut vel ® 6 trodng hop sau, nhdng thu vel chz co 4 trodng hdp tom
tat 6 tren:
1/a=0,bt 1,b* -2

2/ -- b=1
3/ -- b=-2
4/ a' 0,b* 1,b* -2
5/ - b=1
6/ - b=-2

¢ b a 1u
Cach khac: Az?b-l a 3 ;(xem chddng 2, tinh finh thoc)
€ b a b+3j
b a 1 b a 1
2b-1 a 3 |=|-b-1 -2a 0O=a
b a b+3 |op-p? -2a-ab 0
b det(A)=- b%a- ab+2a=-a(b+2)(b- 1). Tathe cac gia trd b=1,
b= -2, a=0 vao phodng trinh va ly luan t66ng t6 nho tren ta se co ket qua tédng to.

“b-1 -2
-2b-b% -2-b

1Ix+y+z=1
- . - A A I
Vi du5: Giai, bien luan he phédng trinh theo thamsoi | : { x+1 y+z=|
:
Tx+y+|z=|2
Giai:
éllll@éllll@gl | 1 '3
e u e u
a1l 1 1 1g®d 1 1 13> -12+1 1-1 1-12%; a/l 1
~ 7 ~ 7 é l:l
81 11 125 & 11 125 @ 1-1 1-112-1 g
él I 1 la él I 1 (Y
e ua _é f
0 1+1 1 1+|a-->go 1 -1 -lg->
g0 1 -1 -lg € 1+ 1 1+1§
é1 | 1 | U
e u
—=>a 1 -1 -l g
0 0 1+2 (I +1)%
i 2§
. + | +1
val 1 -2:=> N° duynhattnghlezm:lx:-I 1,y= 1 ,z:( );,
4 | +2°7 | +2 | +2 7
t b
| =-2:--> Vo N°
el ! 1 IB & 11 10
b/l =1:-> &0 -12+1 1-1 1-|20=é 0 0 0 N°lamp.
é 0 a 2
&0 1-1 1-112%.1 5 & 00 0f
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4 1 14
Cachkhac: A=E1 | 1Up det(A)=13-3 +2=(1 - 1)>(1 +2)
8L 1 1§
e 1110 61 1 1 1o
l=1->8 1 1 13220 00 Ogco.Nolamp.
&l 111§ & 0 0 Of
61 -2 1]-20 é -2 1|-20 &l -2 1]-20
1=2>%2 1 1| Yeod -3 3|-3ledH -3 3|3
61 1 -2| 44 @ 3 -3| 64 @ 0 0] 34
--> Vo N°.

-1t -2val 1 1, duy nhat nghiem.
2.6 Phobng phap kho Gauss:

Ne giai he phddng trinh tuyen tinh, ta dung cac phep bien fioi s6 cap, fiva he vel mot he moi
t6dng ABdng co dang bac thang, sau fio dung fionh ly Cronecker-Capelli fiel xem he co nghiem hay
khong? Neu co ta tim tap nghiem bang cach the té d6i len tren fie giai.

Vidu1: Giai he phoong trinh:
.‘I. X1+2X2+X3 =1
.1 2X1 +5X5 + X3 =6 , ap phep bien fioi s6 cap vao, ta co:
’:‘- X1+4X2+2X3 =2
.‘I.X1+2X2+X3:1 .‘I.X1+2X2+X3:1 .‘I.X1+2X2+X3:1
|12X1+5X2+X3:6 ®|l X2-X3:4 ®|l X2-X3:4
Loxg+ax,+2x3=2 1 +6x,+3x3=3 | +9x5 =-21
Ta thay ngay r(A)= r(A’)=r=3=n (co duy nhat nghiem),
the t6dooi len tren ta colhe duy nhat nghiem: x= a%; §;12.

€3 35
Trong qua trinh bien fioi ta chg tinh toan tren cac he so nen bat fiau to Aay, fe tien ta chz bieu dien
ma tran moi rong cho cac phep bien fioi s6 cap ma thoi.
Vidu2: Giai he phoong trinh:
11X +2X5- X3 =3 éL 2 -1|3u é 2 -1| 3u

g +xp+2x3=1 % 1 2 [1de % -7 6 |-1le
12x,- 3x,+4xg=2 & -3 4|24 g -7 6| 6§
e 2 -1 30

® 20 -7 6 118!3 hel tren vo nghiem r(A)=2 < r(A)=3. ¢

g0 0 0|79
.‘I.X1+X2+X3:6
, ) - R R ':'2X1-X2+X3:3
Vidu 3: Giai he photong trinh:
T Xl- X2+2X3:5

¥3X1' 6X2 +5X3:6
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(;el 1 1 61] e 1 1 6 u

é u u
_ & 11039 & -3 -1]-09
Ta bien fioi: € U € U foi v tri X, va Xa:
& -1 2|50 & -2 1|-1u
& -6 5|60 D -9 2|-128
X1 X3 X3 X1 X3 X
él 1 1 6u gl 1 1 6l;| gl 1 1 6@
a a a
®go -1 -3 -9u®é 1 -3 '9a®§0 -1 -3|-94
0 1 -2 -1u @ 0 -5|-100 & 0 1|20
© 2 -9|-12§ @© 0 -15|-304 @ 0 0oy

Ta thay ngay r(A)= r(A’)=r=3 = n=3 (co duy nhat nghiem), x, =2,
é6L 1 1,60 e 0 -2|-30 é 0 0f1d

8 u é u u
go-l -3 -9@®§o-1 -3 -9@®§o-10-3@
€ 0 1|20 é 0 1|20 é&@ 0 1| 2u
0 0 0|0 @ 0 o|lofg @ 0 o|oy

==> X3 =3, X1 =1,
él 1 1 1 1 éb u
é a & U
€3 2 1 1 -33 &y
Vidu4:Chohe: Ax=b<==>€ 0 -1 2 -1 204x=ébu(l)
e a u
g3 1 -1 -1 - 9@ &y
g6 -7 4 -5 129§ gosH
Tim fieu kien cua b fie (1) co nghiem, tim cau truc nghiem cua (1). Sinh vien hay kiem chéng ket
qua sau: cau truc nghiem la

(30,2 %5, x4, %5 ) = (gt th55%555%’55553”5555%’55?%355&5’!555})

+X4(-3.6,1.-4,0)+ x 2-2.01), trong fio: by =- 3by + 20, b = 3bs- 2b,, taco x(¥ laN°
4 E8dect Q) s (R 2edu@d) rong fo:by =- 30y + 20y, by = 30;- 20, ta 00 »

<) «(2)
rieng cua Ax=b, con x,x\ + xsx(?) 1a N tong quat cua Ax=0, trong fio : x@, x@ la2 N rieng
NLTT cua Ax=0, hay kiem chéng!
Chu yi co thel co nhieu fiap soi bieu dien khac nhau. ¢

Nonh ly: Tap boi (X1, X2, X3,.....,Xn) cua he thuan nhat tao thanh mot khong gian vectd.
Chong minh danh cho Hoc Sinh.
2.7 Nghiem cua he thuan nhat:
Xet he thuan nhat:
181X +apXp + K +ay, Xy =0

| é0u
Jap1Xg tagpXy +K +ay, Xy =0 X
(4)i ~ Am'n.xzonglj
TLLLLLLLLLLLL—O @H

famixq +amaxp +K+agnxy =0
Nonh ly: Mot he thuan nhat cac phédng trinh tuyen tinh voi so an nhieu hén so phdéng trinh (m <
n), co mot nghiem khac 0 (nghiem khong tam th66ng ). Khong gian nghiem la mot khong gian con
cuaR".
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Do ap dung fionh ly. Kronecker-Cappeli ta luon co r(A)= r(A) <n.
Vi A =A ==> r(A)= r(A") £ min (m,n) =m <n.
2.8 Ma tran nghich fao:
Nonh nghias:
i/ Ma tran vuong A™ goii la ma tran nghich fiao cua AT Mq(R)
neu AA'=AA=I,
-1 k
ii/ A kha fiao, k la la so nguyen dédng, ta fionh nghia: (Ak) = (A' 1)
&3 4 6u él 2 2
IR _é a ,_¢& a
Vidul: A—éO 1 1u B—é-2 0 -30
g2 -3 -4y g2 1 3§
. é-3 4 4
ta co: AB=BA =I, nen A"3 =(A'1) =(B)*=§20 -20 -34!
g12 22 21y

¢13 172 2524 L €3 4 -4y
Hay A=812 15 22 Up (A3) =820 -209 -34
g;z 114 -167§ §12 22 21§

Nonh ly: Neu A, BT M, (R) la nhéng ma tran kha fiao thi:

i (A'l)-le, (CA)'lz%A'l, ¢10 (1 R).

2i/ (AB) 1 =B"1A"l

3i/ (AT )'1 =(A'1)T

Vidu2: AT M, Vi |Al* 0, tim ma tran nghich fiao cua A. Biet

A +
AZ+3A-21,=00 AEEA 3ln 6_aA+3l, A+3ly

_A—I b Al=
2 ﬂg 2 g

T _€écosx sinxu

écosx - sin xu
Vidud: Voi P=g @ thi Pi=pPT =3 G
g&SinX  COSX (] & SinX CosX{]
écosnx - Snnxu . écosnx sin nxu
=g’ gva P "=g G- SV hay kiem tra.
g&Snnx  cosnx (j & SiNNX  cosnxg

\

eA
Vi du4: Tim nghich fiao ma tran khdi P, véi A, D la 2 ma tran vuong, P—éc—~— thi
e

Du!
o & vVa oo 1 - .
P ~=g u,vo.lnk:Aval(D-CA B) kha fao. Thi
Y | Z-
é a
15\ 1
Z:(D-CA B) , Y =- ZCA ~, E ma tran fidn vo.
U=Al-A1BY Vv=-A1BzZ,tadungPBDSC fie ching minh:
B|E Ou®é| 1B|A1 ou
a
D| 0 Ej &C D| 0 EEI

éA
Viet lai:
&
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é Al Al ot & alg| Al ol
® & = ——U® & R—
80 D- CA B‘-CA EH 80 I‘-ZCA ZEH
é - 1 ogu § -1 -1 -1 A lp70
. AlB|A ol & Als| Al Aty A Bz
g0 1| Y zg ¢ ] Y Zy
Ong dung: Tuy ma tran P col kich thédc 16n, nhéng neu A, B, C, D co kich thédc £ 4 thi ta col the
bu
dung may tinh Vinacal-570MS fie tinh nghich fiao mot ma tran pl M- nho sau: p= é—N—du trong
&€
fio:
iRy gy Ty
a= . 9'7c: 9 -5 -5d=@% -5 0
) ) 9 -7 8 0 0
-6 -8 3 -4 8
3 4 59 0 3
5 7 07 0 -3
-3 6 7 0 -9 7
Vay p= 6 -8 3 9 -4 gHTatimp!theou,v,y,znho cong thdc 6 tren. Bam may
O 0 56 7 8
9 5 54 5 0
9 -7 84 0 O

. L .1 _éujva
Vinacal-570MS e tim: p ~ = s
&Y | 0

ta co cac ket qua sau:

Vao do lieu Phep tinh trong may:
a® A,b® B, c® C CA 1B = Ans
vao d® C (C- Ans)’ I Ans
Vao lai c® C - AnsC.A1 = = Ans

Al A lB.Ans=[u]

Goi lai cA B =Ans
vao lai d® C (C- Ans) t=[7]= Ans
A 1B.Ans=]v]

08911661385 -.02802652057 .01338790535

502558996939 -.007551767397 -.01229225336
5.03204989561 .08191518749 -.073168094OQE
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106077997755 .03531813624 -.03737055716 .04874101644 |

1019322193 .06809725267 -.02447797321 -.003937335289
1943687315  -.2026134746 .006990222436 -.06203466756

52613716872  .1918852650 .04989510095 .04635154997 |
1055980551  -.0871006920 -.0029668475 -.07339936831
05911016262 .00068289824 .02110192880 -.04276413227

0321234867 .0329554301 .02801339445 .009197277785

5-.07996159374  .01494619043 -.04299989484;
003733329593 -.06928648141 -.00509269008
-.00238972048 .00042655735 .04113166336
.00930440410  .07080809797 -.07867667123

~

12 -2 1 5 3
Vi dus: Choa:=§1 0 1E, b:z%-lE, c=[-1 1 5], d=[3]

1 20 1
X .. R
tim ma tran y =- zca vmzz(d-ca b)
22 -2 1 3
. 1 01 -1 ,
Ta xep chung lai thanh ma tran bac 4: g:= 1 20 1 , bam may
1 15 3
3 7 4 2y
5 5 5 5
-4 -1 8 1
» 1825 25 25 25 é-7 -33 -11y
neico:g = Va = 7
; 8 27 9 -2 Y &5 5 254
25 25 25 25
-7 38 -1 8
25 25 25 25

Menh fie: Neu AT M, (R), cac phat bieu sau la t66ng Adong:

i/ A la ma tran kha fao.

i/ A~I.

i/ r(A)=n.

iv/ A lartich hdu han cac ma tran so cap.

2.9 Ong dung phep bien foi s cap fie tim ma tran nghich Aao:

Vi fiac tinh cua phep bien fioi s6 cap, col the bien fioi ma tran vuong thanh ma tran fién vo neu ma
tran vuong fio khong bd thoai hoa, 16i dung fiieu nay va do tinh chat ma tran nghich fiao A.A™=1,=
ALA, taco the sd dung cac phep bien doi ngééc lai fie bien ma tran fién vo thanh lai ma tran ban
fiau va fiao lai nho so foi sau.

(All))eLL® (In A'l)

Vidul: Tim ma tran nghoch fiao cua
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e 2 30 é 2 3|1 0 0f
- ¥
A=% -1 2o (Al)=5 -1 2|0 1 olu¥i¥i%m
B8 2 5§ B8 2 5|00 1g
€ 2 3|1 0 Oy 61 0 0f
& ¥ i b ¥
®P -1 2|0 1 0j® chuy: §=g0 1 0
O -4 -4|-3 0 1§ £3 0 1§
é u \ , ‘
& 2 3|1 0 0 6123;0013 & o ol
9P D -1 2|0 1 of 3/49&3/43?’%)@60 1 13 0 -20a  c0:S,=& 1 04,
e 3 1u éo 4 \ goo ¥
1 -11-2 0 3y -1 2|01 0 40
& 4 -~ 4h € u g
él 0 0p
@ 1 0f
é 1 10 é 3 1 74
10 1|-= 0 =% 10 0[-> -2 Lt
g 2 2‘,J g 4 3 123
v 1 1| 3 0 -liy%Het 10| L .1 i
; 4 4u ¢ 2 3 6l
& 03| 21 -1 oo 1| T I .1La
& 4 44 & 4 3 12§
ta cor:
63 1 740
& o - 1d &, "2 150
a2 oy SO -H él4 i 121lj
= lil =6 _1a 'I:é_ - = __l:l
S=0 1 09,55 o1 -30p A 85 "3 "5
O 11y e 10 & 0
300 30 (:ei 1 _ig
64 3 12§

O fiay ta col the kiem chéng A la tich hdu han cac ma tran sd cap nhd sau: Theo menh fiel fia hoc 6
tren, can cd vao phep bien fioi so cap 6 tren ta co lan 166t cac ma tran s6 cap Si, Sz, Ss, S4, Ss, SA0
cho:

= Sg. S4.53.5,.51. A <=>

) L
&0 oy g ° '§3e1 -2 ogel 0 ogf1 o o
=80 1 03:20 eo 1 o”eo 0 -1“eo 1 Ou’
g 0 1§ ¢ 1u
% 0 @4&4@@4&4@@ 42 4@
S5

21 0 Ouel 2 3u
01 OUSO -1 23. Vay A= S,_ileSélSAlS:i,l, kiem chdng! ¢ Ta cung co the dung
3 .

P D @
N

No

HE3

8

N

02

Y
>

PBNSC tren dong fie tinh A 18 nho sau:
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Vidu1: RNetinh ma tran tich cua A™ !B, ta thiet lap gA|BH sau fio dung PBNSC tren dong fie:

fioa GAIBH® ... ® 8 |A" By

bac biét B= ma tran cot, thi giai Ax=B tuong fAuwong Voi

SABR® .. ® €1 [A 1B =xU. Xem
€AlBH 5 i
6l 1 ou &l 0 Oy

Ma tran Azgo 1 13,82? 1 Og,tinh A'lB.TathieztIapmatran:

A,

80 1§ £ 0 1§
¢ 1 0[/1 000 &1 0[1 0 0u
GABR=0 1 1|2 1 0@ P 1 1|2 1 04®
81 0 1|3 0 1§ g 1 -1]/-2 0 -1§
¢l 1 0[1 000 é 1 01 0 0y
u u
®PH 11 1 04® 0 2 0[0 1 -14®
@0 02|41 1§ g 0 2|4 1 1§
& 0 0|1 2 EH
@ 00[2 -1 1u & izla
e 0 & 1 -la_é |a-1RU
®<§ 2 0/0 1 1@®50100 > ZqélABg
€0 0 2 1 1g ¢ 1 1Y
€ 0 1|2 = =U
e 2 249
C1.1 1p
a2
€™ 22U
g 1 _1l:|
Vay A" 1B = go > 73. Dic biét & vi du nay, bay gio giai: Ax=B Véi
8 U
o L L
el 2 2
el 1 00  éld elu
_ Up_650 43 a-1n — v — €0 bk 14 et ;
A_§ 1 1@,B—gzqth|A B_X_go@ chinh la cot mot cua ket qua
gl 0 1y &3t &2H
A 1B atren ¢
BAI TAP
4 -2 0 10§ £1 -2 6 50
1/ ChoA=§ iB= & i
© 6 1 8f €& 0 8 of
a/ Tinh 2A-3B.
b/ Tinh X sao cho A+X=B.
6 3 5 -70 62 6 3 50

2/ Cho A=ga g va B=g a
@ 9 -8 28 €0 8 2 off

a/ Tinh X sao cho 2A-3X=B.
b/ TinhB", ABT, BA.
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S € 0 Ou
3/ Cho2matran A = ez Ou vaB—SO o OE
@4 59

a/ Tinh A.B va det(A.B).
b/ Tinh B.A va det(B.A)
4/ Tinh ma tran nghoch fiao cac ma tran sau:

é 2 3u
A= e5 6 OUB_(—}Z 1u e? 2u _€l3 Y2y
&a -3”’ 0 1”’ 5 1/4‘(I
@-5%%@ é -5 4 -10
el 0 2U g 1 13 g) 1 1 1l;|
E—A3 4 o F=20 1 3 304,G=4 3 33
001§ ®o 1 o0 & 010G
&0 0 0 10 & 0 0 14

5/ Tinh cac ma tran X sao cho:
é 5u & -6u é2 -3u élu & 1u (—}3 2u

A X = . b X = ,ca X =
& 3" 2 1Y )34 187 T8l s 2" T8 sl
6/ Tim X sao cho AX=B nho sau:

e2 3 11 5u é2u

& 1 s 29 gllil e -3 5 u élu

a/ & Ux="0 p& -6 2 3Ux=%0
€ 1 3 20 é3d éz S 15‘9 ¢
G105 4 & 4 e

€2 2 2 2 €2u

€ 5 -8y ¢80 : 0 e
€ 3 _gu éql & 32 5 &y

c/ € ux=€-u dé& 1 4 -50X==E&u
€2 3 -50 e7u é ua éu
é a € 23 4 &
& 8 -7 &2 € ! e

& 16 -1 &Y
7/ Giai va bien luan theo m cac he phd6ng trinh sau:

ix+ty+z=2 imx+y+z=0 Imx+y+z=1
! ! :

a/:'2x+y- 22=2 b/:'x+my+z:O ¢ ix+my+z=m
tmx+y+4z=2 IX+my+z=m+1 1y 4my+z=m?2
i X +y+(1l- m)z=m+2 I X+y+z+t=3

d/:'(l- m)x- y+2z =0 e/:'x+y =4
12x  -my+3z  =m+2 Ix+y+mz+t=2
1 mx +y +Z =m

f/ t2x+(M+1)y+(m+1)z=(m+1)
1 x +y  +mz =1

o ) \ . " i ) 3 Oc R
8/ Ngudi ta fiocnh nghéa ham mu ma tran (giong nhé ham mui théc ) nho sau: cho A =§z E a,bl
b alf

R,
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] ~ él Ou an
Tinh. e®. Trong fio lo = SD 1QIa ma tran vuong fion vo.
C u

9/ Gia sé A lama tran vuong va co k 3 sao cho A* =0.
a/ Cm B=I-A kha fiao va tinh B™ theo | va A.
b/ Cm C=I+A kha fiao va tinh C* theo | va A.
e 2 4
9/ ChoE=g 1 2. TimSy, Sy, S kha fiao T Mo(R): E=S:1 S, Ss.
e -1 1y
1y
U
L4
14

10/ Cho f(x)=x3- 7x+5, g(x)=2x3+3x- 4, A =3

B PR
o r B

Tinh f(A), g(A), f(A).g(A), vidu g(A) = 2A3 +3A- 41, trong fio | la ma tran fidén vo.

CHOONG 2
NONH THOC
BAI 1: NONH THOC
1.1 Nonh nghéa:
Hoan vo: Ta fia biet 6 pho thong, mot hoan vo cua n so td nhien 1,2,3,..., n goi la mot hoan vo bac n
(lasong anh: na f (n)).
Nghich the: Cho hoan vo (iy,i»,iz,L,i,), cap so (ij ,ik) trong hoan vo fio tao thanh mot nghach the:
neu i j > i, va ij Aidng trodc (ben trai) ix trong hoan vo fio.
Vidul: Trong hoan vo 3241 ta co 4 nghich thei (3,2), (3,1), (2,1), (4,1),
Mot hoan vi fidéc goi la chan (le), neu soi nghich the trong hoan vo fio la chan (le)
Nonh théc cap 2 la mot so xac fiinh nho sau:

210 =aby - apby

(D) Dp=
ap by
So hang a;ja,, co dau déong do hoan vo (1,2) chan.

So hang a;,a,7 co dau am do hoan vo (2,1) le.
j =4(-2)- (-5)(-1)=-13.

Nonh théc cap 3 la mot so xac fiinh nho sau:

Vidu2:

a b ¢
C a a
(2) D3:az b2 02=a1.Z Ci- .ai Z‘+C1a§ Z
ag by c3

= aqbyC3 - a103C; - @y C3 +aghyC) +axhscy - aghycy
vidunho so hang a;bsc, codau am do hoan vo (1,3,2) le.
- agb,c; co 3 nghoch the nen mang dau am.

Ne de nhé ta co qui tac Sarius sau:
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g b ¢
D3=la; by =
ag by c3 \
Qui tac nay con fdoc goi la 3 A66ng cheo dédng tror 3 iddng cheo am.
g b ¢
(3) D3=lay b, cyi=
ag by c3
= a1b,C3 +aghy Gy +aphscy - aghycy - axhyc3 - aghse, .

- Nonh théc cap n: Xet fiinh thdc cap n la bang sau fiay:
a1 ... Y

a adry.... &
D(A)=|A|=det(A)=| 2+~ 727 o2
LLLLLLLL

an1 dn2---- Apn
Nay la mot ham nhieu bien f:R"" R"® R

Nonh théc con bu cua phan to a; ,ky hieu la M;;, la fionh thdc bac

j )
(n-1) nhan A60oc to D(A) bang cach xoa fii dong thd i va cot tho j.
Phan bui fiai soi cua phan t6 a;j Ky hieu la A;;, fiddic ficnh nghéa nho sau:
== . N i+
A =EA;jH trong lo Ay =(-1)  Mj
1.2 Nonh ly:
Cong thoc trien khai Laplace, khai trien hang thdi i, nho sau:
n
(*) D(A) = a ajAj =a1AL taaA 2 tai3A3 t L+ A
j=1
khai trien cot thd j, nho sau:

n
(*) D(A) = a ajjAj =ajAj +apAgj +agjAgj +L+ay Ay

i=1
O dang (3) & tren, khai trien cot, ta co
ag b ¢
(**) D(A)=laz by cpl=aiAtapAy+aghg,
ag b3 c3
Vi du2:
1 -2 0 5
2 3 1 - , ) . "
D:3 10 . Ap dung cong thoc Ilaplace, khai trien theo cot thd ba ta co:
3 1 0 2
1 -2 5
D=(-1)%"3.13 1 2=
3 1 2
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2 3 2 3 o]
=-§ 2‘-(-2)‘3 2+5‘ j;o.

3 a
1.3 Cac tinh chat cua fionh thoc:
Ne minh hoa cho cac tinh chat cua fiinh théc, ta minh hoa cho fionh théc bac 3, va fionh théc bac n
van co hieu léc tééng to. Cac tinh chat phat bieu cho hang hay cot fieu co vai tro nho nhau. Ne
kiem chding cac tinh chat sau ta chz can dda vao fionh nghoa.

Tinh chat 1: Neu fioi hang va cot cho nhau thi gia trd fionh théc khong fioii. |A| :‘AT ‘ (A la phan

bu fiai so cua a;)

a ady ag
by b, bg| =a;A;+a,A, +azAs do khai trien theo hang 1
¢ G G
a b ¢
a by, cy|=g4A +ayA, +aghA3 do khai trien theo cot 1
ag by c3
1 2 1N 3
Vi dul = =56=-1
3 5 |2 5

1 0 -2 1 -2 3
vVidu2:|1-2 1 1={0 1 -1=
3 -1 3 -2 1 3
= [1.1.3+0+(-2) (-1) (-2)]-[3-(-2)1+1(-1)1]=6
nghoa la: det(A) =det(A" )
Tinh chat 2: Neu fioi cho hai hang (cot) cho nhau thi gia tro fionh thoc fioi dau. (B; la phan bu Aai

soicua by )
a b ¢
a, b, cy|=bB;+by,B,+hbyBs khai trien cot 2, codau (-, +, -)
ag by c3
b & ¢
b, a ¢, :blB{ +b28é +bSBé khai trien cot 1, codau (+, -, +)
b; as ¢3
nen Bi/ =- B;
1 0 -2 0O 1 -2
Vidu3: [-2 1 =-11 -2
3 -1 -1 3 3

(Aoi cho cot 1 va cot 2 thi dau fioi ).

He qua: Cao it nhat hai hang (cot) giong nhau thi fionh thoc bang 0.
Xem lai vi du 2 muc 1.2.

Tinh chat 3: Thda so chung cua mot hang (cot) thi fidéc mang ra ngoai.
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a kKb ¢
ay Kby Cp|=kiyBy +kbyBy +khyBs =
ag kby c3
a b ¢
=k(byBy +byBy +b3B3) =kjay by c
ag by c3
371 0 -2 1 0 -2
Vidus: [3°(-2) 1 1=3|-2 1
3’3 -1 3 -1 3
Vidu6: B=aAP |B[=a"|A
aa;; aap I L aay, a;; ap I L ap
ady aay L aay, 1 ap L ay,
O O =a" O O
M T ﬂ
aay, aap L L aay, ay anz L L ay,

Tinh chat 4: Neu co mot hang (hay cot) ma moi soi hang la tong cua 2 so hang thanh phan thi fionh
thoc col the tach ra thanh tong hai fionh thoc.
a b+dy ¢
8y by+dy cp =(byBy+b,B;+b3Bg)+(diBy +d;B; +d3Bg)
ag bg+dz c3
3+1 0 -2 3 0 -2 |1 0 -2
Vidu7: 5+(-2) 1 1=5 1 +-2 1
4+3 -1 3 |4 -1 3 -1
Vi du tong quat: Gia s6 fionh thdc bac 3, cot mot la tong 2 soihang A, va B, cot hai la tong 2 so hang
C, va D, cot ba la tong 2 so hang E, va F.

|A+B C+D E+F|= |A C E[|+|/A C F|
(co2x2x2 =2°=8 thanh phantach |[A D E[+|A D F|+
theo cot) B C E[+|B C F|+

B D E[+[B D F|
Va|A+B+C D+E+F G+H|(co3x3x2=18 thanh phan)
Tinh chat 5: Hel qua cua cac tinh chat tren la fionh thoc sel khong fioi neu ta cong vao mot hang
(hay cot) vai boi so mot hang khac (sau khi fia nhan vdi mot hang so).
Ta th6dng dung tinh chat 5 fiel tinh gia tro fionh thoc.
aptke; b ¢ &g b ¢ Q b g & b g
aptkey by Cpl=lay by cyltkicy by cpl=jap; by cp+0
ag+tkcg by c3l |ag by c3] o3 b3 c3 fag by c3
Vi du 10: Ly lai vi dy truéc, tinh fiinh thire bac 5:
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131'1'20';3'3-3-13-3
212-11131-;1_1101
1.0 1 o 1= =
1 -1 (3 3

1 0 -1 3 3 10-1332102
2 0 1 0 2 ]/20 1 0 2
23 -1 3 -

111 111
11 0 4
= =3l4 0 6=34 0 6=-3 =3 -14=42
4 0 0 s o4 13
o 1 0 2| 1212

Tinh chat 6: Tich vo hodng cua mot hang vdi phan bu fiai so cua phan td tren mot hang khac thi
bang 0.
Trong khi theo fionh ly: Laplace, tich vo h6éng cua mot hang vdi phan bu fiai so cua chinh hang fio,
thi bang det(A) nho (**) va (***) 6 tren (khai trien Laplace).
That vay coi fionh théc col cot 1 va cot 3 giong nhau, khai trien theo cot 1 va chu y cac ky hieu fia
fidc fionh nghda ta co:

q b g

Cp By G =C A +CAy +C3A3 =0

cg by c3
TOooONng t6: ay A +1yB; +¢Cq =det(A), a; Ay, +b B, +¢Cy, =0.....
Vi du: nhan vo hdébng cua cot 1 vbi phan bu fai so cua cot 2 cua ma tran sau:
€l 2 30 élué3u
g1 2 -13@ g 133 7E=-3+7- 4=0
€2 1 -1§ e2de2d

CHOONG 3
KHONG GIAN VECTO (KGVT)
BAI 1: KGVT

1.1 Nonh nghéa: Khong gian vectd (KGVT) la cap (V, R), R la trédng soi théc, V la tap cac phan to
vecto, trang bo 2 phep toan cong va nhan nhd sau:

(VV)®V (RV)®V

X, x) axitxy (1,x) alx
Va hai phep toan nay phai thoa tam tinh chat sau:

1/ X1+ Xo= Xo +X1.

2/ X1+(X2+ X3): (X1+X2) + Xa.

3/$101 V: 0+x=x+0=x.

4$(-x) TV:-x+tx=x-x=0.

5/ (| 1. | z)X:| 1. (| 2X).

6/ | (X1+ Xz): | X1+ | Xo.

7/(| 1+ z)X:| 1 X + 19X,

8/ 1.x=x.
Mot vai tinh chat: co the suy ra té fionh nghoa:
- "viV, -v=(-Dv
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"viv,"al R, (-av)=(-a)v=a(-v)

"al R, a.0=0

- Neu av=0 thi a =0 hay v=0.

iav=bv iav=au

- bPa=b, :’ P v=u
Tvi O 1ato

Vidul: Tap cac vectd h|nh hoc EUC|Id thong thoong tao thanh KGVT
Vidu2: Tap cac vectd {x : x —ka kT R}, (a vecté co fionh) tao thanh KGVT.
Vidu3: Trédng so thdc R la KGVT tren chinh no.

Nonh nghéa: Tap W, f * WI V fddc goi la khong gian con cua KGVT V neu cac phep toan cong
va nhan cua V han che len W.

Nonh ly: TapW,f * Wi V la khong gian con cua KGVT V neu vacheneu "xyl W,"a,bl
R,tacoax+byl W.

Vi du: trong R", W:{x = (X1, X2, L% )" Ax = O} la mot KGVT con cua R", trong fio AT Mpy,. De

dang kiem chéng. Thdc ra fiay la mot fionh ly:

1.3.1 To hdp tuyen tinh (THTT):
Xet cac vectd Ay, Ay, .., Am 1 V va cac soi théc ki, ko, .., km. Mot to hép tuyen tinh cua cac
vecto A, Ay, .., An la vecto:

i_
A=kiAi+ko Ao+ .. +Kkpy An = é_ k|A|
i=1
Vidu:TrongR®* A; =(1,-1,0), A, = (2,1,-2), thimot THTT cuachung la: A=2A;—A;=
(2,-2,0)—-(2,1,-2)= (0, -3, 2).

1.3.2 Phu thuoc tuyen tinh( PTTT), fioc lap tuyen tinh (NLTT):
Nonh nghéa: Cac vectd Vi, Vs, .., Vi goi la phu thuoc tuyen tinh neu ton tai cac so théc Ky, k, ...,
km. khong fiong thdi bang 0, sao cho:
kiVi+koVo+ .. +knVm =0
Neu cac vectd Vi, Vs, .., Vi khong phu thuoc tuyen tinh, ta noi chung fioc lap tuyen tinh.
Noi cach khac: V1, V2, ..., Vin i la PTTT <==>
kiVi+koVo+.. +knVm = 0 va$il Lm kit 0

Nonh ly: Cac vectd Vi, Vs, .., Vi la fioc lap tuyen tinh (NLTT)

<==>k; Vi+ko Vo + .. +knVy = =>k; =k, =...... km =0

fionh ly fiddic suy ra hien nhien, to fionh nghéa cua PTTT.

Vidul: Cacvectd u =(1,-1,0),v=(1,3,-1),w=(5, 3, -2) la phu thuoc tuyen tinh vi:
3u+2v—w=3(1,-1,0)+2(1,3-1) - (5,3,-2) =(0,0,0)

Vidu2: Cacvectd u =(1,-2,1),v=(2,1,-1),w=(7, -4, 1) la phu thuoc tuyen tinh vi:

PDF created with pdfFactory Pro trial version www.pdffactory.com



http://www.pdffactory.com
http://www.pdffactory.com

Nei c66ng On thi cao hoc, TS.GVC Nguyen Phu Vinh 59

ia+2b+7c=0
au + bv +cw =(0,0,0) <::>:'- 2a+b- 4c=0, xet
¥a- b+c=0
€l 2 7u €l 2 70
:g-z 1 -43® L® SO 1 23, r(A)=2 < n=3, he thuan nhat co nghiem khong tam th66ng
g1 -1 1§ g 0 0f

(nghiem a, b, ¢ khong fiong thdi bang khong), vay he PTTT. Do fio ta co fionh ly:
Nonh ly: Nieu kien can va fiu fie cac vectd Vi, Va, .,.Vm 1 R"

la PTTT la rank (V1, V2, .., Vin) <m.

Chuiy: Ta luon co rank (V1, V2, ..., Vi) £ min(m,n)

Vidu3: Trong R’ u=(1,2,3,45),v=(1,2,-345),

w = (1,-2, 3, 4,-5). Ta co m=3, n=5.

él -1 1u él -1 1u

é a & a

é2 2 -20 8 4 -40 )

A=€3 -3 30®L®& 0 80,nenrank(A)=3=m, NLTT

é a é a

# o4 4y H 0 0

g 5 -5 g 0 0¢

Tap hOp Vect(Al, Ao, .., Am) =<A, Ay, .., Ap> =
sizm

=i a kA Kkl Ry la mot KGVT con, sinh bdi hou han cac vectd
fi=1

A, Ay, ..., An. No6C goi la to hdp tuyen tinh cua he Az, Ay, ..., An.

Vidul0: W la KGVT con cua R* gom cac vectd (xq, X, X3,%4) thoa:
1 X1 +2X5+3X3+X4 =0 L 2 3 1 u

f2x +axp+7x3+%,=0 , 2 4 71 JoLe

l4x, +8x,+13x3+3x,=0 @ 8 13 3 §{

& 20 4u .
& 0 1 -10p X172 M
0 00 of TN

(X1, X2,X3,X4) = X5 (- 2,1,0,0) + x4 (- 4,0,1,1).
Vay W=((-2,1,0,0),(-4,0,1,1)).

Vidull: Trong ra khong gian cua nghiem:

i3X1+4X2+X3+2X4+3X5:O / 4 1 2 38
:

19X +7Xy + X3 +3X4+4%x5 =0 - 1 3 4u
:’ ! 2773 4 5 , dung PBNSC: 4
T 4X1 +5X2 + 2X3 + X4 +5X5 =0 2 1 SH
. u
1 7x1 +10X, + X3 +6x4 +5x5 =0 10 1 6 5
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@ 41231 &4 1 2 30
8 a @ a
&5 7134@®201-2 -1 -3
é4 52 150 é&@ 0 0 -2 O0u
& 10 1 6 55 & 0 0 0 Oop

X4 =0, X5 = 2X3 + 3X5, X1 ::—:; ( -4X5 - X3 -3X5 ): -3X3 -5Xs

<X1, X2, X3, Xy, X5> = <X3(- 3,2,1, 0, O) + X5(' 5, 3,0, 0, 1)> s
E =((-3,2,1,0,0),(- 5,3,0,0,1)), chéng minh
E la mot KGVT con ( mot sieu phang ) cua R®.

Vidul2: Trong ra cau truc khong gian nghiem cua he phdéng trinh:
i 2X1- 1X2 +1X3+2X4+3X5 =2
i
16Xq- 3Xo +2X3+4X%X4 +5%X5 =3
@ :’ 1 2 3 4 5 <==>Ax=b
T 6X1 - 3X2 +4X3 + 8X4 + 13X5 =9

¥4X1- 2X2 +1X3+1X4+2X5:1

€ -1 1 2 3|20 e -1 1 2 3| 2u
é a & a
§6 32 4 5 3@®L®go 0 -1 -2 -4 -3@
&6 -3 4 8 13|9u @ 0 0 -1 0] od
e u e u
@ -2 11 2|13 & 0 0 0 0] o

€ -1 0 0 -1|-1i

0 0 -1 -2 -4|-34 i X3 =3- 4x
® € U=>x, =0, { 3 5

e0 0 0 -1 0 Ol:| ’|‘X2:2X1-X5+1

© o o o ol of
(X1, X2, X3, X4, X5) =(Xq,2Xq - X5 +1,3- 4x5,0,X5) =

:(:EA%QIQ-F xl(j:ﬁ%%@+x5(£4g|?ﬁ0£ Khong gian nghiem la 1 sieu phang tao boi 2
a b c

vectd b va c trong R® sau khi fia tinh tien fii bdi mot vectd a . Nhong fiay colphai la mot KGVT ?

Thdoc ra ta sel thay ro hon (vi du phan sau): 6 fiay a chinh la mot nghiem rieng cua (1), con b,c
chinh la mot c6 s6 cua kerA (Ax=0). Va tat nhien cach bieu dien nay khong duy nhat. O vi dul tren
col thel bieu dien:

(X1,X2,X3,%4,%5) =(0,2,7,0,- 1) +a(1,2,0,0,0) +b(0,- 1,- 4,0,1)

Menh fie: Gia so Wy =(S;), Wo =(S,) P Wy +W, =(S,E S,).

Vidul3: Trong R*cho v; =(1,1,0,1),v, =(2,3,1,2),v3=(3,4,1,3),

Goi Wy =(vy,V5), W5 =(V,,v3). Tim fiieu kien fie

v=(a,b,c,d)T W =W, +W,. Nghia la tim W.

Theo menh fie tren ta co W =W; +W, =(S; E S,) =(Vy,V,,V3), nghia la v la to hdp tuyen tinh cua

V1, V2, V3, nghoba la ta co:
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ia;+2a,+3az3=a él 2 3|au

i ;
_ ja;+3a,+daz=b &1 3 4|pY
ton tai (al,az,ag)::' 172 e 8 u
i ap+taz= ¢ € 1 1jcu
. é
fa+2a,+3a3=d & 2 3|dj
él 2 3 a u
a
0 11 c v
®L® ¢ u
€ 0 0| d-au
SO 0O O|b-a- CH
. ib=a+c
He pho6ng trinh nay co nghiem neu va chz neu :,d , Suy ra
jd=a
w:w1+w2:{(a,b,c,d)i R4:b:a+c,d:a}: (94 Q9 )-
ezl él2|3
é a a
Al | 3|4 0|11;
Phan tich them: Vy =[vy | vp | v3] =€ U ..® € u
€| 1|10 € | 0| 0d
al2lsn  @lolog

==>rank(V1)=2, va V, =[v; | V5], rank(V)=2, va lai ta co: vy +V, =v3
V3 =[vy | va], rank(Vs)=2, V4 =[v, | va], rank(Vs)=2, nen

W =Wy + W, = (v, Vo) =(Vq,V3) =(Vo,V3) =(Vq,V,V3).
Sinh vien hay chdng minh cu the tdng dau bang cua fiang thoc.

BAIl 2: CO SO VA CHIEU KHONG GIAN
2.1 C0 s0 va chieu kgvt:
Mot KGVT tong quat (V, R) co he hou han va sap thd to ( A6oc sap tho to).
P :{xl, X2, X3,LL_, xp} 1 V fiv0c goi la ¢ s6 cua V neu va che neu he P nay NLTT va " xi V

fieu fivdc sinh bdi P nghta la ton tai duy nhat cac a;1 R, fie ta co:
P

X=a1Xq +a2X2 +a3X3+|_|_+a po = é_ aiX,
i=1

- Cac a; goi la toa fio cua vectd x trong ¢ sé P, ki hieu:
€a; u
é

_( )T—éazl:' 1 [] la toia o

[x], =(ar.az,ap =&y o V2 9oi [x]p latoario cuax

é
Erf

trong co so P.

- Noi khac it KGVT (V, R) iddc sinh ra boi he P hou han, va luc nay ta noi KGVT (V, R) la héu
han chieu va

- Colchieu la p, ki hieu dim(V)=p.

- KGVT sinh b6i he P la KGVT bao gom cac phan to la to hdp tuyen tinh cac phan t6 cua P.

- Trong R", E ={(1,0...,0),(0,1,..,0),..,(0,0, .., 1)} la c6 s6 chinh tac.
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Vi du0: Trong R? cho x=(1,2) thi [x]E = gg
a

Vidul: E lakhong gian nghiem cua:

13Xq +4Xy + X3 +2X4 +3X5 =0

Il SXq +7Xo + X3 +3X4 +4X5 =0

: 4Xq +5Xy +2X3+ X4 +5x5 =0

1 7% +10x5 + X3 +6X4 +5x5 =0
trong vi du trédc la mot KGVT con cua R® co dim(E) = 2. va cd sd cua E la
P={(-3,2,1,0,0),(- 5,3,0,0,1)} .

Nonh ly: F, G la hai KGVT con héu han chieu cua V ta co:
dim(F +G) =dim(F)+dim(G)- dim(F CG)

Vidu7: Trong R* cho u=(1,0,1,0), v=(0,1,-1,0), w=(1,1,1,1), x=(0,0,1,0), y=(1,1,0,-1), F= <u,v,w>,
G= <x,y>.
a/ Tim dimF, dimG.
b/ Tim kgvt con sinh ra FCG. Tim dim(FCG).
¢/ Tim kgvt con sinh ra F+G. Td fio suy ra dim(F+G).
Giai:
Sinh vien Co the chéng minh F+G, FCG la 2 khong gian con R*.
a/ Viuyv,w NLTT, nen dimF=3, vax,y NLTT, nen dimG=2
Ta se nghiem lai cong thoc: dim(F+G) = dim(F) + dim(G) - dim(FCG).
b/ That ra tim FCG la giao 2 sieu phang au+bv+cw va dx+ey trong fio tim a,b,c,d,e T R. Vay td
phoéong trinh: au+bv+cw = dx+ey.
U au+bv+ew+d(- x)+e(-y)=00

é1 1 0 -1 é 01 0 -. 6 0 0 0 -20
é a @& a é a
‘?O 1 1 0 -1@®5011 0 '1@®...®<§0100'2@
& -11-1 00U & 01 -1 0u @ 010 10
© 010 15 @00 1 19 @0 001 1§

Giai he nay ta co nghiem: a=2, b=2, c=-1, d=-1, e=1,

vay mot N° la: 2u+2v-w+x-y=0 hay 2u+2v-w= -x+y =(1,1,-1,-1)

==> <(1,1,-1,-1)> = FCG, vay dim(FCG)=L1.

¢/ Do menh tren ta co. F+G= ({u,v,w) E (x, y)) =(u,v,w, X, y) ta se chéng minh F+G= <u,v,w,xy>
= <u,v,w,x> =< u,v,w,y >. That vay

Vi x,y cung NLTT nen dim(G)=2. Nhéng cung co u,v,w,x NLTT nen dim(F+G)? 4, ma dim R*=4,
nen dim(F+G)= 4, va

F+G= <u,v,w,X,y> = <u,v,w,Xx> = < U,v,w,)y > =R, (>

Vi du8: Trong R* cho hai he phédng trinh:(1): X - Xo- X3+ X4 =0, fiat khong gian N° (I) la F, va he
i Xq +X4=0 . 0 o A A

(i o fiat khong gian N” (11) la G, hay tim mot c6 s6 cua F CG.
[ 29 =

Cach 1: Ta de dang tim fid6c (tim x; qua cac bien con lai)
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F=(f;=(110,0), f,=(1,0,1,0), f3=(- 1,0,0,1)) hay bien fioi fie co:

F=(u=(1,0,1,0),v=(0,1,-1,0),w=(1,1,1,1)), trong fio:

u=fy= (1 0,1, o) =f- f,=(0,1,-1,0),w=f + f,+ f3=(1,1,11), dimF=3,
G=(x=(1,10,-1),y=(0,0,1,0)), do N°la: (X1, X;, X3, X1)

dimG=2, Do lieu nay toong t6 vi du tren. Nen theo ket qua tren ta co: F € G =((1,1,-1-1))

1X1- Xo- Xg+X4=0

Cach 2: Ta gop hai phoéng trinh : |1 X1 + X4 =0
’:‘ Xl = X2 =0
Ta de dang tim fi66c ker matran: F G G =((-1,- 1,1,1)). ¢

Vidulb: Tim he phédng trinh tuyen tinh ma he nghiem lai trung v6i KGVT sinh bdi 3 vectb a;,
dp,as: 81:(-1,0,1,2), 82:(3,4,-2,5), 83:(1,4,0,9),
Giai:
Goii X=(X1, X2, X3, Xa) 1 (ag,a3,a3),
i-y1+3ys+ty3 =X

I —
~ 1 T4y, +4dyz3 =X,
co By; ,x=y@a;+yar+yzzU

—_

i Y1 - 2y2 =X3
12y1+5y,+9y3=x4
&1 3 1{xu é1 3 1 XU
é a é a
. a0 4 4% 20 4 4 X
gAlbg=¢ 2Up & 2U@
g 1 -2 0 X3l:| g 0 1 1 X1+X3U
8§82 5 9|x4 &0 11 11|2x+x40
¢l 3 1 Xll:I
é
~0 11
® € Xt 3U——> r(A)=r(Ab)=2<3,
@O 0O -4X1+X2 4X3
€0 0 0]-9x - 11xg+ x5
. 1-4X1+Xo- 4X3 =0 . )
nap so : { , nghiem lai agz =2a; +ap
’|‘-9X1 -11X3+X4:0

Vi dul6: Cho hai hel phddng trinh:(1) 2x; + 2Xx, + X3 +4x4 =0, fiat khong gian N® (1) la F, va he
i 0X1 +9X2 +1X3 +8X4 0

. fiat khong gian N° (11) la G, hay tim mot c6 s0 cua F CG.
I1x1 2Xy +0X5- 1x4 =0’ 99 an Y ¢

()i
Cach 1: Ta de dang tim Adoc, tim X3 qua cac bien con lai:
F=(f;=(1,0,-2,0),f,=(0,1-20), f3=(0,0,-4,1)), dimF=3

Tim X1, X, qua cac bien con lai:
=(g; =(0,1.7,-2),9, =(1,0,- 8,1)) dimG=2, dimF+G=4

==>dimF C G=dim(F)+ dim(G)- dim(F+G)=3+2-4=1.
Ngoai rata co:-3f; +2f,+1.f3 =209, +1.9, =(1, 2, 6, -3)
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vay <(1,2,6,-3)>=F CG
Cach 2: Ta de dang tim fiddc, tim x5 qua cac bien con lai:
F=(t;=(10,-20),t,=(0,1,- 2,0),t3=(0,0,- 4,1)), hay
F=(f1=t), fy=-1p, fg=t;+ty- t3=(1,1,0,- 1)), dimF=3

Tim X3 qua cac bien con lai:

G=(0g;=(21,-9,0),v=(1,0,-81))= (g, g =(-L-1,1,1) =v- gy),

Vata co:-2f;+1f,+3f3=-0;- 30, vay <(1,2,6,-3)>=F CG
12X) +2Xy +X3+4%X4 =0

Cach 3: Ta gop hai phd6ng trinh lai: :'Oxl +9X5 +1X3+8%4 =0,
.ll.lxl- 2X5 +0x3- 1x4 =0

Ta de dang tim fiddc ker cua ma tran nay la: (1, 2, 6, -3)

==>F GG =(fg =(1,26,-3)). ¢

2.2 Chuyen fioi c0 s0:
Bay gidi co co hai c6 so fiddc sap B va B’ cua KGVT V co chieu la n, cac toa fio trong co s6 B va
toa fio trong cd s6 B’ lien he vdi nhau ra sao ?

Cu the B={uy,u,,L,u,}, B :{ui,ué,L,ué} . Ta goi Pl My(R) la ma tran chuyen cb s to B
sang B', ki hieu P=(B® B') neu P fiodc thanh lap:

—€,/u é,u Iy U_
P ?éulﬁg’guzﬁ QJ gl ®B/’
B’ fiodc bieu dien qua cd so/ B.

noi cach khac P la ma tran cot toia o cua cac vectd cod sol

Menh fie: V@i cac gia thiet 6 tren ta col cac khang fionh sau:
i/ (B®B) =l

il B®@B")=B®B) " (B®B".

il  (B®B)=(B®B)

Vidul:
ua  uua
Trong R? voicosd B = [el ez} ={(2,1),(-1,1)} , x co toa fio|
(01 ]
[x]g/ =(1,1)". Xet co s6 khac: B = {el } ={(0,1),(1,0)} . Tim toa fio mdi [x], cua x trong c6 50 B.
sinh vien hay chéng minh B', B 2 A
6 fiay la 2 ¢ sd cua R?, 18 /
uu qu; ul/l 16
Do :f. 131:'“1 ez— el+ e%u— » //
—(1 S +2. ez) + ( 1el -1. 5] )— wl uua u.;
uu uu / - e
=(2e, +1. &), vay toai fio [X] 5 620;( "1 » ;
cua x trong cd s/ B la (2 1)". 06 \\ / //
Cach khac: [[x], = [X]ar] o \ / <
|Xs = Pe s Xe! | \ |/ A w
o2 v e,
P, =Psge.P
B® B/ B® E E® B/ 01 -0.5 0 0.5 .1 15 g
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€0 1u é0 1u
Peo e =Pos = Sl OH _S-l Ou’

[Xlg =Pao s [Xler =Pe® BPeq o [X]p :é 156 -13 E &, ;
él Opal 1 SL uly
Vidu4: Trong R? vdicod sd U :{tﬂ,ﬂé} ={(11.(3,- 1},

X co toa fio [x]u =(2, -1)". Xet cb s6/ khac:
uua  uu

V =[v1,v2} ={(2,0),(-11)}. \ .
Tim toa fio mOi cua [x]v trong c6 sb V. z L\
Cach 3: Ta Iay cO s6 chinh tafc E Iarp c6 sb trung gian. ;—k\ SV
Pe@u = gl‘ 1;1’ PE®V:§§ _ iﬂ \\‘@
Reu=Ree -Peou= (PE®V) -Pe@u==> |

3ue2u é1u (;: R

[x}, =Rieu[x]y _i

S"l‘ gl &”

M 3 A ua uu uu T
Trong R®, vOi c6 s0 U ={u1,u2,u3} ={(1, 0,1),(1,3,-1),(0,1, 2)} , X coltoa fio [X]u =(2, -1, 5) . Xet
c6 sb khac:
ua uua uu
\Y; =[v1,v2,v3} ={(1,2,0),(0,1,- 1),(- 1,0,1)} .
Tim toa fio. moi cua x trong c6 s V.

Cach 2: Ta lay ¢ s6 chinh tac E lam c6 so/ trung gian.
Ta lay 6 sb trung gian la c6 so chinh tac:

E :{;'1;;;;} ={(1,0,0),(0,1,0),(0,0,1)} . Bang ngon ngé ma tran ta co:
él 0 - 1l;I
Ma tran chuyen t6ico SO E ® V lamatran: Pggy 22 1 OH.
0 -1 1y
él 1 Ol;l
Matran chuyen t6 c6s0 E® Ulamatran: Pegy=g0 3 1.
él -1 24

Vay ma tran chuyen c6 s6 V ® U la tich hai ma tran:
6l 0 -1i'él 1 oy
_ _p-1 _é a é a_
Rieu =R/e e PEeu =Pe®v PE®U‘22 1 0y SO 3 157
© -1 1§ @ -1 2

PDF created with pdfFactory Pro trial version www.pdffactory.com



http://www.pdffactory.com
http://www.pdffactory.com

66 Ne codng On thi cao hoc, TS.GVC Nguyen Phu Vinh

N

. . . €2 1 1

1el 1 1uél 1 Ou a3 a

_1é PUL: U_ é-4 a0

=562 1 2@go 3 Lmgs -l

£2 1 14el -1 24 é.1 0 1@

es 8

Vay toa fio [ x], trong co s6 m6i V la:

é 2 u €16

53 1 Tge2u &3y

_ _6-4 _q0€ 10_8-260
X}, =Reulx], =57 1 Lie o= &5 ¢

€1 o 1UESH €13u

es 8 esd

ANH XA TUYEN TINH (AXTT)
BAI 1: ANH XA TUYEN TINH
1.1 Nonh nghéa:
Cho V, W la hai KGVT, f :V ® W iiddc goi la AXTT neu:
i/ f(u+v) = f(u) +f(v), al R,u,vi V
i/ f(a u) = a f(u).
Nhan xet:
a/ f(0)= f(u-u)= f(u) -f(u)=0.
b/ Nat L(V,W) tap tat ca cac AXTT t6 V vao W. Tren L(V,W) ta trang bd phep cong va nhan vo
hodng nho sau:
i/ (f+g)(u)= f(u)+g(u)
i/ (a f)(u)=a f(u).
Thi L(V,W) la KGVT tren R.
Vidul: f:R?’® R
(x,y)® (2x+vy,y,3x- y) lamot AXTT tren R%.
Sinh vien t6' kiem chdng hai tinh chat tren.

Nhan xet: Vay muon xac finh AXTT f :V ® W ta hay xac fionh cac anh cua vectd c6 sb cua V.

Vidu2: f:R?® R3la AXTT thoa f(1,0) =(1,2,3), (0,1) =(-1,0,2).
khifio: f(x,y)= f gx(1,0)+ y(0,1)g=xf (1,0)+ yf (0,1) =
=x(1,2,3)+y(-1,0,2)=(x- y, 2x, 3x +2y).

1.2 Nhan va anh cua anh xa tuyen tinh

Menh fie: f :V ® W la AXTT, khi fio:

i/ Neu E la khong gian con cua V thi f(E) la khong gian con cua W.
ii/ Neu F la khong gian con cua W thi f*(F) la khong gian con cua V.
Nac biet ta co:

. Ker() = 10 ={xT v: f(x)=0}

fioc la nhan cua f va
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dim(Ker(f)) = so khuyet cua f.

- Im(f)= f(\/):{f(x): x1 V}

fioc la khong gian anh cua f.

Ca hai la hai khong gian con fiac biet.

Chuy: f:V® W, ftoan anh <==>f (V) =W.

Menh fie: f :V ® W . khi fio f idn anh neu va chz neu ker(f)=0.

Nonh ly: f:V ® W, neu V la khong gian hdu han chieu thi ker(f), im(f) cung huu han chieu, fiong
thoi ta co
dimKer(f) +dim Im(f) = dimV

Nonh ly: Cho AXTT f:V® W.
f latoan anh <==>Im(f)=f(V)=W U dim f (V) =dimW
Va del dang ta suy ra cac fiieu kien can sau:

Cho AXTT f:R"® R™ la fién anh thi n£m.

Cho AXTT f:R"® R™ latoan alnh(f(R”):Rm)th‘l ns m.
Cho AXTT f:R"® R™ lasong anh thi n=m.
Vidul:f:R3® R3, f (x,v,2) =(x- 2y+z 2x- 4y+z, 2)
khong toan anh, cung khong fién anh do, Dung PBNSC ta co:

-2 1 -2 1y
fi= -4 1E --> 0 -1E => dim(Imf)=2, dim(kerf)=1.
0 1 0O O
4 -2 1-m 1
Vidu2: f:R*® R3, f:= -4 5-m 3-mE
-2-2m 1+3m 1-m

-2 1-m 1
Dung PBNSC ta co:---> -2 4 2-m E
0O 0 n?-3m
Vay fie/f toan anh <==> m?! O,m?* 3
Vidu3:f:R3® R3, f(x,y,2)=(x- y+z x- 4y+mz, mx),

trong fio m la tham so. Dung PBNSC ta co:
1 -1 1

1 -1 1 ; . ‘
00 - = ~m?
0 3m+3m
muon f ién anh (==> toan anh) thi thamso m* O,m?* 4.

1.3 Ma tran bieu dien AXTT.
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Trong phan ta chz xet cac KGVT la hou han chieu, ta qui 66¢c V=V, la KGVT co dim(V)=n va
W=Wy, la KGVT co dim(W)=m.
Nonh nghoa:
. Cho V=V, coi ¢6 56 B ={uy,Up, L, Up}, W=Wp, co ¢6 56 B/ ={vq,v5,L, vy}, nhé fia biet 6 menh
fiertren f :V, ® W, fidoc xac fionh khi ta xac ficnh cac anh cua vectd co s cua V.

- Ma tran thuoc Mm(R) co cot tho j la vectd &f (uj)HB, , j=1,n fivoc goi la ma tran bieu dien

/
AXTT f theo cap c6 s0 B, B/, ki hieu | f ]g .
Cu ther
f(u) =ajqvg +agvp +agval+a vy
f(up) =agovy +agvy +agvzl +amovy

f(uy) =ajpvg +agpVvo +agyval+a vy

~

éealluealzl] galjg éayn ug

~e ue u é u>

thi [f]B/ —eAaZlu A2 “Leazjul_eaZn i
B "W G& U U=e 1y a;

= by U N N
éeamluél 2U ?mju eamnu(J

Vidul: Xem f:Bi R°® DI RS,
voi B=((2,0),(1,4)), D=((1,0,0),(0,-2,0),(1,0,1)) va

o ado

3/4§/® 91 —fl, 3‘/4§/® 27=f,, tim matran[f]B :
03 6y 7P ¢
2
Giai:
De dang suy ra B va D la 2 cd s6 cua R?, R®.
é 10

Nau tien chuy | f]E3 = SL 23 vi hien nhien ta co:

A

e 0g
8 (1 1,1) =1(1,0,0) +1(0,1,0) +1(0,0,1)
8 0= (1,2,0)=1(1,0,0) +2(0,1,0)+0(0,0,1) . Bay gio ta tim [ ]2 .

a0 Ao 00 &0 &6 &6 a006 &o
Taco: 17 —090-—92 +1.%7 va %2 =1%-1.5-27+0.5%"

Gy o5 “fop G o5 fop fop g
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¢0 1
Vay theo fitnh nghoa:| f ]g = g'—zl - 13

é

§1 O
Nénh ly: Vi nhong ki hieu tren ta co: |§f (ug g, [f]B [ulg

Vi du4: Trong R?vdi cb sd chinhtac e =(1,0),e, =(0,1) co
f(x,y)=(3x-y, -2x-7y), u=(2,1). Tim f(u) kerf, imf

é3 -1u 1ue2u é5u
Taco[f]E2=é2 73 a[]—eu [f()]—e2 7u glu ellu

Vay f(u) =(5, -11)". Taco the nghle;m lai: Ker(f)={0}, dimKer(f)=0, rank([ f]) =2, ta phan tich fie
co:lm f =(f (&), f (&), that vay:

f(xy)="f(xe +ye)=xf(e)+yf (&)=

=(3x- y,-2x- 7y) =x(3,-2) + y(- L,- 7) = xf (&) + ¥ (&,

Vay: f (&) =(3,-2), f (&) =(-1.-7) b imf =((8,-2).(-1.-7))

Vidub: Xacfinh: f:R3® R3fe f(u;)=v,i =13, trong fio:
u =(1,1,0),u, =(0,1,1),u3 =(1,0,1)

v; =(0,2,2),v,=(2,0,2), 3—(2,4,6).
Tim ma tran cua bieu dien f trong c6 so! chinh tac.

Cach khac: Xin xem cong thoc phan sau: [f]E = Peov [f]\L/J Riee|

& 0 0y o 2 2§
Vif(u)=v,i=13nen[f]] =5 1 o =13 Pepy =2 0 4%
& & 2 6f

1

& 0 1 € 2 206l 0 1
RiekE =Pesu 21 1 0j .Vay[f]E ez 0 4“31 1 0y
0 1 1y g 2 63@0 1 1qg
Cach khac: Xin xem cong théc phan sau: [f]E:PE@)E[f]E Riek|
0 2 2
; v i =172 nal Es _ _6 a _
Vif(y)=v,i=13 ne.n[f]U3—[v1v2v3]—gZ 0 44 Peepe =3
e 2 6
0 1’ € 2 206l 0 1y°
—_p-1 e lj E_é ué a
ReE =Pedu = 21 1 0y Vay[f]p=82 0 4481 1 05 @
0 1 1y g2 2 6ge0 1 1y

Vidu7: Cho f: i4® i3 khao sat cau truc f voi
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f (X1, X0, X3, X4) =(X1 - Xp + X3, 2X + X4, 2X5 + X3+ X4) . Tim c6 s6 va so chieu cua ker(f), Imf,

tim ul 4, sao cho: f(u)=(1, -1 0).

in- X2+X3 =0
(Xl,Xz,X3,X4)T Kerf U |12X1 +X4 OU [f]Es_

’:‘ 2X2+X3+X4 0
el -1 1 0y 61 -1 1 0f
_é U € a _ : _
=g2 0 0 1:® 0 2 -2 1y Kerf=((-1-1,02)), dim(kerf)=1
0 2115 @0 0 3 0§

v

Im f =(f(e),f(e) f(es) f(eg)), taco

f(Xq, X0, X3,X4) = (X1 - Xo + X3, 2X + X4, 2Xp- Xz +Xg4)=

= f =x1(1,2,0)+ X, (- 1,0,2) + x3(1,0,1) + x4(0,1,1).. Vay
f(e)=(12.0). f(e)=(-10,2), f(e5)=(1.01), f(es)=(011)

él -1 1 0d gl 0 0 %3
2 00 1:0.00 1 -1 Ygvay 2f (&)= f (er)+ f (e2)
@0 21 19 0 0 3 of

Va Ilmf =(f(e),f (). f(e3)) =(f(er). f(e3). (eg))=..oo..
Vay dimImf=3=dim(R®), nen f toan anh, va tat nhien khong fidn anh.

6 -1 10| 1 & -1 1 0| 1d

- o @ 0 o @ ¥
f(u=@1-100% 00 1|-15..©0 2 -2 1|-34
& 11/ 04 & 0 3 0] 3§

2
vay u=(y,y,1-1- 2y),"yI R

Vidug: Cho f:R*® R® coso{u}la
w =(1,2-1),u,=(0,2,-1),u3 =(1,-2,0) vaco

o) = =(112) 1 () == (- 102), (1) vy =(-3-2-2)
Tim kerf va Imf.

& -1 -3
- Ta tim kerf trong ¢6 s6 { u} : ta co[ f ]E3 = e1 0 - 23. Dung PBNSC
@2 2 -24

€l -1 -3u é 0 -2u

é O & a_ e m=
ta co é1 0 -2@® éO 1 1@_>Kerf-<m—(2,-1,1)>

€2 2 -2 €0 0 0¢g
1 0 1lué2d é3u

ué .u_é

2 2 2ue 1= eOu
1 -1 0pgély &1y
Vay Kerf=<(3, 0, -1)>. nen f khong fidn anh, va khong toan anh.

Chuyen sang ¢ s6 chinh tac: u.m =

CDP) D> (D> D~
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€ 5/2 6u
Cach khac: tim [f]E3 =[f ]E3 Riok, —[f]E3 ul —(?1 3/2 3uva tim ker cua ma tran nay, ta
@3 1 OEI

cung co ket qua téong to: :Kerf=<(3, 0, -1)>.
Tim Imf: Vi (F (ug), f(uz), f (ug))=(F (ug). T (uz)) nen

Imf=(f (uy) =vy =(1,1,2), f (up) =vo =(- 1,0,2))

Neu chuyen sang c6 sbi chinh tac, ta co:
Imf=(f () =(2,1,0), f (ep) =(5/2.3/2,1))

Hien nhien: (f (), f (u))=(f (&), f(e2)) ¢

Vi du3: TrongR?, f:R2® R2, trong v={v; =(L1),v, =(- L- 2)} Cho[f]\,:[f] ?é‘é;; 20 va

[d], =(21),tim §&f*(d)H

UE2
Giai:
-1

1 _ée-1) _ V0 a 26 e2u
Sy =8 lel = g8 B [dl=gy o2 g

&2 lugy é- 30 . .
=8 Ua n=a g==> 6 1(d)l =p f-1(d)u =
_ & -106-30_é550

& -2fg5] €-84
Cach khac:
NV
ef (d)HEz_g H [d]E trongno[d]E =Pe,ov([d],
, _1‘E2_ 1 él -1u
gf HEZ-PE2®vef [P]v® E,’ TE,®v= & ol

) 1 1 g2 14

e '10\/: Vu ﬁ 20 =@
AN AN &3 4 gg 215 Ve
‘.. él -10€ 2 1Ue1 -1 tam 1ue2u0 é 5.50
er-1(g)u =3 o8 A . C
N Rl )

1.5 Chuyen fioi c6 so.

[f]\L/J = R,®Y[f]\)(( Pyou |, trong fio cd sd X ® U trong Vi, vacdsd Y ® V trong Wi

Vidud: GoiE,, Es, laco so chinh tac cua R?, R®, coi

é2 1u
Xet AXTT f:R2® R3, (xy) & (2x+y,y,3x-2y) thi [f]g3 go 1u
€3 2EI
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B={(2,3), (3,4)}, C={(1,1,2), (1,4,-5), (0,3, -1)} la c6 s6 mdi cua R?, R, tim ma tran cua AXTT f,
khi ta chuyen E; ® B, E3 ® C.

o 3y &1 ou
Ta co: P—Sg E,Q S 4 3% vay
€2 -5 - 1§
61l 1 14 6 40 13Q
61a 18 @l 65
€18 18 6Yy €9 2
(115 =@ irlge=gl o & 40P W-¢2 T
B €18 18 eu€ U8 4Te7g 30
S13 7 1468 - 535 -11V
e &> U
818 18 6u g9 24

Vidu5: Xem laividuphantren f:BI R°® DI R3,
voi B=((2,0),(1,4)), D=((1,0,0),(0,-2,0),(1,0,1)) va

o a0
b =¢) 3/4§/zse>‘91_f1,b2 G %4 S27=t,,
ﬂ 1ﬂ ﬂ Oa

a/ Tim ma tran [f]g :
o/ cho€=((12°2), (221 (@-2)) 5 [f]g tinh [£15, [f]E2

el
€

¢/ Tim kerf, Imf. Cho [d]B 13t|m [f(dB)]D ef(dEz)uE
{

d/ Trong c6 sb chinh tac cho W ={2x; + 3x, = O} , tim ¢d soi cua f(W) trong D va f(W) trong Ej.
e/ Cho [x|; = .;x G ! thoa W = {2x+3x =0}, tim [f(W)] 5, [f(W)]
eX20 3
nghoa la tim c6 so cua f(W) trong D va f(W) trong E,
f/ Tim dien tich 2 hinh binh hanh cua 2 cap (bl : bz) va ( f1,f ) , €0 nhan xet gi ?

Giai:

é 0 1i‘éy €ou

o =Pose[fle =@ -2 0 gy=¢7

0 0 1§ gg §1
él 0 1@’1e1u ell‘J 20 18
[falp=Poselfole =0 -2 0f g24=g 13vay [f]g =dfly [, i=gz 4
€ 0 1g ey €04 €1 ol

Cach khac: [ ] = Poo g, [f]5° Peo s = Péi@p[f]?
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- é u
&l 1w a o wlajw e’ Y
Es _& | 50 \/n D_é& 5, a0 &|50_61 .0
Voi [ f]g SL Zq.Vay[f]B—go 2 04 gL 26767 1
&l | Og €0 0 1y €0y &, qu
e U
c D o
b/ [f]g =Pcop|flg Pees =PecoePean|flg =
é u é4 1y
é1 -1 1u gl 0 1ueO Y69 9y
-€ _qu - Ug-1 _q0-€2 20
@2 2 1 SO 2 OgéZ 10 é3 3
g2 1 19@0019é1 od €Ll 8u
é U é9 90
é4u
él -1 1u elu egu
_ _é u Uu_@a2
Cach trdc tiep: [fl]C—Pc®E[f1]E‘é2 2 1u glu 333

g2 1 1§ @l eny
éod

él -1 10 él 89(]

[fZ]C:PC®E[f2]E:gz 2 -1@ ?2@:(32‘;'

S u eu a3
&2 1 1p €0y eésu
€90
é4 1y
e9% 9
C_ =62 20
Vay [flg=gflc [flc8=55 44
él1 8u
€9 90
él 1 1 é 1o
fE3— f _§ 02 T _lg 40
[ ] E3®E3[ ]B BRE, €& “Uf 44 g€ J
g of @ -1

é4 1o &4 1

c/ To 24 33@ SO 23::> Kerf=0 ==> f idn anh, tat nhien vi n=2<m=3 nen f khong toan anh,

& -1§ € 0o
edu el elu  élu
N . _/ é,ué - _eu _esu
tim Imf:  Imf={ 24583 &) =( f1 =gl f2 = 824

4y & 1¢ ele &0

Cho yiImf, nhé y=1f-2f,=[1-31]", fie tim ra f'(y)=[0,-8]"?

yi Imf® f1(y)=/&, nhé y=[1,-21]"T Imf

[f@]e, =[]e2ldle, =[1]g: Pe,o 0] =

é 1o éou
1e4 3u62 1ue 1U elu
gé ug) 4U 1U é-u

e - & 1g
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é Ug 10 elu
= 6 3 lil—g'llil tinh-
[f@g)], =[f]ald]s = =& -13813—(?79.Hayco.the.tlnh.
€1 ol & 10
é a
& 0 1uteoq élu
_¢€ a é,u_¢e1u
[f(d)]p = Poe E, [f(d)]E ‘SO -2 0y éla“??l@
< S 2.0 80
€0 0 1§ el 1j
1é50
_ _[+1E _/1é L
d/ We, =((-3.2))p f (W) =[f]2[W]e, ={ &3
76
Cac phan con lai SV t6 giai.
2
f/Dien tich hinh binh hanh cap (bl : bz) =‘ ‘O =8
. s s 111
Dlezntlchhlnhblnhhanhcap(fl,fz): ‘1 , o‘ =J(-211) =6
e 1y
&8 8y 4 12 |4 1] |a 3P % _6
[f]E3—eﬂ 30p ‘[f]E3: 8 8 L8 81 4|8 8 _ 99 _NO hphanxetgi? <
8() = 4 3 |4 -1 |4 -1 642 8
&4 -10 8 8 [8 8 8 8
€8s 80
Phan 3:

Cheo hoa dang toan phébng
1. Cheo hoa dang toan phédng trong R* bang pp Lagrange:
2. Cheo hoa dang toan phddng trong R? bang pp Jacobi:
3. Cheo hoa dang toan phédng trong R? bang pp phep fioi troic giao:

Vi du:
f(X, y,2)° AX*+ By*+ Cz* +2Fxy +2Exz+ 2Dyz +[ 2Gx+ 2Hy+ 21z ]+J =O0.
thi t6dng t6, nhéng phoc tap hon.

éA F E Guéxu éXl‘J éxu
aé u é, u
f(xyz)=[x y z 1]%F 5 D Hueyu , bien eyU® ‘E‘Y@:U
€E D C | Gézu ezu ezu
S5 Ho1oabg & 61l
Vidul: f =-2x2+4y2- 32° - 2Xy+2xz+4yz+2x+4y- 62+9=0
éxu &2 -1 1 1u

1 4 2 2|
é1 2 -3 -30
51 2 -3 93

Taco: f =[x y z 1]DeyUI:> D=

CDCD>CD

16
Neu f i6oc viet lai theo Lagrange:
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2 2
f—-281x+— —.z L u 5e y+1z+11 +27y2+12:0
2 H 28 H 5
fiat bien fe: f:-2X2-gY +2—572 +12=0. Nat:
i 1 1 1
X =1l Xx+=.y- —.z- =1 R & 1 -1 -1y
: 2 Y72 eXu exu Sl 2 2 2y
1 é 6~ -3 U
:'Y=O.x-§.y+1.z+1.1 , & § beyuD b= T 1 1y
i 5 eZu ezu & U
o & 4 0 1 0 O
iZ=0x+1y+0.z+0.1 10 ..1A é 1
. éLid e+u @0 0 0 1
{1=O.x+0.y+0.z+1.1
é 1 -1 gu &2 0 ou
& 2 5 1 é .5 1
. € 0 1 od - e0 - 0 0y
P=b"=¢ ubP P'DP=¢ a
&0 1 g - 10 60 1 2—57 0
é 1 é 1]
g0 0 0 14§ g0 0 0 12
T énT 2_5y2, 27 _ 2
vay f =U gP APUU— 2X 2Y —Z°+12=0

Vidu2: f=-x? +3y +57° +2Xy+2xz+3yz+2x+4y- 62+9=0

=g.- x2+2xy+2xz+2x8+3y2+522+3yz+4y— 6z+9=
—. 6y2. u
& 2x(y+z+1)0+....

- [(x [y+z+1])2- gy2+zz+1+2yz+2y+228}+

] (x- [y+z+1])2+S_y2+22+1+2yz+2y+228+
+3y2+522+3yz+4y— 6z+9=
=- (x- [y+ z+1])2+g.4y2+622+5yz+6y- 4z+108:

- (x- [y+ z+1])2+g.622+5yz- 4z+4y2+6y+108:

a Khai trien ngoac vuong

é 5y- 4)u
. 622+5yz- 4z+4y2+6y+ 10= 6@22+22%a+ o=
é a

s (5y-4)u° ¢(5y- 4)u

=6 el
12 g 12 ﬂi’)

CD %)CD
oOCN

I

I

|

f€
6§z+ﬂ- Euz —925y 4Oy+16U+4y +6y+10=
& 12 3 24€

é b5y 1u 71 , 23 28

AZ+——-—p +— VY +—y+—

12 3“ 247 3y 3

71 5, 23 28 _ 71e 92u 310 _
— Y — +—— . Cuoi cun
247 3y 248 71u 1 g

:6SZ+
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.2 2

@ 5y 10" 7la 926" 310

& 12 35 24& 71z 71

EZZ +y

4 71

Vi du 4: Dang toan phdong (quadric) trong R®: f =- 2x2 +4y2 - 32°- Xy +2xz+ 3yz

f=-(x-y-z- 1)2+6
vay f :UTgPTAPgU =-X%+6Y%+ =0

.2 .2
Neu bien f ve dang chinh tac Lagrange: f =- ng +=- == - —82- =L +—y

Hay tim cac ma tran P, [f], A’ sao cho : P'[f]P= A/, trong fio A’ la dang cheo.

Vidu 4: Dang toan phodng (quadric) trong R®: f =- 4x2 + 3y2 - 47% + 3Xy+ xz+5yz

.2 2 340
Neu bien f ve dang chinh tac Lagrange: f = 3aey+ﬁ- 29 - Qaex +22 y2
&2 65 4% 195 57

Hay tim cac ma tran P, [f], A’ sao cho : P'[f]P= A/, trong fio A’ la dang cheo.
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------------------------------------------ Mot so dé thi mau

Truong PHCN Tp.HCM
Pé s 1
Bai 1. (3d) Trong R®, véi co so chinh tic, cho a:1=(1, -2, -3), a-=(1, -1, 1), as= (-2, -1, 3).
al Cho biét F ={aj,a,,a3} va x=(3,-3,-14), tim [x]_
b/Cho biét B={aj,a,},lacosociaW =(ay,a,),va y=(1,2,13) T W ,tim [y],
¢/Cho F= < a1=(, -2, -3), ax=(1, -1, 1), y=( 1, 2, 13) >, G=<(3,-2,-3), (1, 2, 4) >
TimmotcosocuiaF CG
- 4 ) uua uu
Bai 2. (1d) Trong R*, Vdi co S5 B:{ul,uz} cia
uua uu uu uu 2 , .
W =(up,up)=(u =(3,1,1,-2),u=(3,-1,2,-3)). Cho biédt mot co s5 khic cia W Ia
ua uu ur ur ~ T
B’:[vl,vz}:{vlz(a 5,-1,0),v, = (6, -4,5,7)} . Cho xT Wthoar [x]; =[-3 5]' . Tim [x]y .
- 4 ) ua uu uu
Ba 2. Trong R", v&i co so B:{Ul,UZ,U3} cua
ua uu uu uu uu uu 2 ,
W :<u1,u2,u3>:<u1:(1,1,-3,-2),u2:(2,-2,0,-3),u3:(-1,1,1,-2)>. Cho biét mot co so khéc
ua uu uu

ciaw la B/ :[vl,vz,v3} :{3{ = (5,11, 7, 1) vy = (-1, 7,11, 7) v = (2, 8,8, 2)}.
Chox1Wthsa [x]g =[-1 2 3] .Tim[x]g.

1 -3 -2
Bai 3. (1d) Trong co so chinh téc cho AXTT f:R%® RS, co: fi= EO -1 4E
2 5 3
B={w =(1-21),w,=(2.2-2)} lacosycaaW =(w;, w,).
Cho gf (ws)g, =[7,-12]" . Biét ring W bit bién doi véi f (tic f (W)=W),va f cd nghich dio
Hay tim toa do cua w3 trong khong gian W (tac tim gws QB):[ -3,2"

1 -3 -2
Bai 3. (1d) Trong co s chinh tic cho AXTT f:R3® RS, co: fi= EO -1 4E
2 5 3

B={w =(1-21),w,=(2.2-2)} lacosycaaW =(w;, w,).
Cho gwspy, =[-3,2]" . Biét ring W bét bién ddi vei f (tic f (W) =W ). Hay timtoado cia f (ws)

Véi B={wy =(-1-12,1),wp =(-1.2,21),wz = (2-32,-1)} laco s cia W = (wy, Wy, w3).
Cho gf (ws)p =[-23, 11, -13]" . Biét rang W bét bién ddi véi f (tic f (W)=W),va f c6 nghich

trong khong gian W (ttc tim gf (W3)E|B =[7,-12]")
x10 -8 -12 -
Bai 3. (1d) Trong co so chinh tic cho AXTT f:R*® R*, co:[ f] _1g 0 42 €9
6§12 -48 -78
10 -4 -3

S

S5 O O

dao. Hay timtoadd cua w, trong khong gian W (tuc tim @w, g, )=[4, -2, 1" [-28, 11, -13]
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Bai 3. (1d) Trong co so chinh tic. Cho dang tdan phuong (mit quadric) trong R

f(x,y,2) =1+16x- 6y- 10y*+32xz- 52° +10xy + 462+ x> - 26yz

al Lay thtr tu bién 1a (y, z, X), va trong co s chinh tic, tim ma tran A biéu dién dang toan phuong
f(x,y,2),dé f=XTAX,véi X' =[y z x].

b/ Néu dua f (X, y,z) vé dang chinh tac Lagrange nhu sau:

2 & 3ly 350 o ~R4 nak . &
f(x,y,z)=(x+16z+5y+8) - 261,z2+—+— +3)" - 4. Hay doi bién, va viét dan
(x,y.2) =( y+8) 88787g29(y) y doi bie et dang
chéo ciia f (x,y,z) trong co s méi. Tir ddy héy tim cac matran P, A’ sao cho : PTAP= A/, trong d6 A’

la dang chéo.
Xem E:\GiaoTrinhToan\Toan DaiHoc A21\De Thi C2 Tien Tien\De Cuong Thi A2-C2
Bai 4. (2d) Bai toan thuong thiy trong ky thuat, & tim toa do trong tdm C cua tir gidc ABCD phing,

qua cac cong thuc sau: Xc = @ x dxdy, yc _ L @ VY dxdy, trong do S la di¢n tich cua twr
, S ABCD S ABCD
giac ABCD. Cho bhiét cactoado cac dinh: A(0, 1), B(3,0), C(4,1), D(1, 3).

Bai 5. (2d) Tim céc diém cyc tri cia ham: (cuc tieu)
f (X, y,2) = 6x2+22y? +97% - 2xy- 12xz- 14yz+34y- 122+10
va C&c giatri ham tuong tng véi cac diém cuc tri trén.

Bai 5. (2d) Tim céc diém cyc tri ciaham: (cuc Dai)
f (X,y,2) =1931+4x +20y- 22yz+28xy+2xz- 10x? +38z- 26y - 1572
va C&c giatri ham tuong tng véi cac diém cuc tri trén.

Bai 6. (1d). Cho ham f (xl, x2) = 5x12 - 6Xq X + 20X +18x§ - 102x,, véi rang budc
j (xl, x2) =5xy - 12X, +75=0. Tim c&c diém cyc tri caa f (xl, xz) va cac gia tri ham tuong ung

Vi céc diém cuc tri trén.
Bai 6. (1d). Cho ham f (xl,xz) = 3x, - 4, V6i rang buoc

j (xl, x2) = 8%y Xy +16X%q - 8x§ +24x, +104 = 0. Tim c&c diém cyc trj cia f (xl, xz) vacac giatri
ham tuong &ng véi c&c diém cyc tri trén.
Bai 6. (1d). Cho ham f (xl ; xz) =-31xy +17x, + 27+ 9x12 - 12X %5 +4x§, voi rang bugc

j (xl,xz) :9x12- 12Xq Xo - 11X +4x§+11x2+2:0.T‘|mcécdiém cuc tri cua f(xl,xz) vacac

giatri ham tuong tng véi c&c diém cuc tri trén.

Nguoi gidi thigu dé
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