Nei c66ng On thi cao hoc, TS.GVC Nguyen Phu Vinh

Phan 1 (Toan cao cap: C1): (3 fiém)
Chdbng 1: Giai tich: Ham nhieu bien.
Chddng 2: Tich phan boi hai.

Phan 2 (Toan cao cap: C2): (3 fiém)
Chodng 1: Ma tran.

Chédng 2: Nonh thdc.

Chodng 3: KGVT.

Phan 3 (XS+TK): (4 fiiém)

Chddng 1: Phan phai nho thoc, phan phoi chuan.
Chdong 2: Vecto ngau nhien.

Choong 3: O6c 166ng.
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2 Neic66ng On thi cao hoc, TS.GVC Nguyen Phu Vinh
Phan 1:
Chddng 1
BAI 1: NAO HAM - VI PHAN -ONG DUNG

0.1 Nao ham rieng bac cao:

0.1 Nao ham hon hop

Nonh Iy (Schwarz):

Gia s6 Zx, Z'y7"y, ton tai va lien tuc thi co z'yx va z’y, = 2y«

1. Coc tro to' do ham 2, 3 bién:

Hai bién:

Ba bién:

Nieu kien fiu dgng vi phan nhieu bien tong quat: Mo(Xo, Yo, Zo)) la fiilem déng, xet dang vi phan

d2f (Xo):

a/ La xac fionh dodng (d2f (Xo)> 0) thi f fiat coc tieu tai X .

b/ La xac fiimh am (d2f (Xo) <0 thi f Aat oo fai tai Xo.

c/ (d2f (Xo) :0) thi tai X chda co ket luan. Phai xet vi phan cap 3...
Vi phan cap 2: f=f(x,y)
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Nei c66ng On thi cao hoc, TS.GVC Nguyen Phu Vinh
Vi phan cap 2: f=f(x,y,z)
d?f = f)ilzdxz + £/ dy? + fz’golz2 + 2f 4 dxdy + 2 f(hdxdz + 2 | dydz

V2
2. Céc tro vodng ham 2 bién co 1 rang buoc: Céctro f = f (X1, X5) valrang buoc j (X1,X5)=0
Ham Lagrange: f (X1, Xo,l )= f(Xg,X2)+1 | (X1,X5)

Nieu kien can: f = f(xq,X,) fiat coc tro tai Mg thi M, thoa Nf =b (giai he' phodng trinh nay fie tim
Mo la filem dong cua ham f (x4, Xo,1 ) ).

Nonh ly ve fiieu kien fiu:

i/ H,<0P thi ffat coc tieu.

i/ H,>0b thiffatcdc Aai.

./ ./ Il I I
O Jx Iy iy | 1 ;%
= —i/ I /Ay I I
Trong fo: Hy = fX1X1 fxlx2 =1f, X fX1X1 fxlx2
- I I I I I
 y f X Xq f X9 X2 fI X f XoXq f X5 X2

Nieu kien fiu dang vi phan tong quat cho ham Lagrange f :

f (X0, X0,] )= (X, Xo)+| g (Xq,X5), xet dang vi phan d?f (Xo):
a/ La xac fiinh doong (d (Xo) >0) thi f fat coc tieu tai Xo.

b/ La xac fionh am (d? (Xo) <0) thi f fat oo fai tai Xo.

c/ (dzf (Xo) =O) thi tai X chda co ket luan. Phai xet vi phan cap 3...

Tatinh ham 2 bien: L(x,y,1)= f(x,y) + | j (X, y)
L =17, dx? + 2L dxdy + L/)// Ldy? (%)
X

Chuy: j | dx+] g,dy:O, dx?+ dy*>0
Neu: dL(Xo,y0) > O thi (xo,yo) la fiiem coc tieu.
dL(Xo,Y0) < O thi (xo,yo) la fiiem coc faii.
d’L(Xo,yo) = 0 thi (xo,Yo) khong la fiiem cdc tro.
Toong t6 ham 3 bien: L(x,y,z, | )= f(x,y,2) + | | (X,y,2)
Thi d?L= L/)/( , dx? + L/)// ,dy’+ L/Z/2 dz?+2( Ly dxdy+ Ly, dxdz+ Ly, dydz)
3. Céic tro voéding ham 3 bién co 1 rang buoc:
Coctro f = f(xq,Xy,X3) varangbuoc g (Xq,Xy,X3)=0
Ham Lagrange: f (Xq, X2, X3,1 ) = f(Xq,X2,X3) +| g (Xq,X2,X3)
Nieu kien fiu dang vi phan tong quat ham Lagrange f :

f (X, X0, 3,1 )= F(Xq,%Xp,X3) +| g (Xq,Xp,%3), xet dang vi phan d?f (X,):
a/ La xac fiinh doong (d (Xo) >0) thi f fat coc tieu tai Xo.

b/ La xac fionh am (d? (Xo) <0) thi f fat oo fai tai Xo.
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4 Ne c66ng On thi cao hoc, TS.GVC Nguyen Phu Vinh
c/ (dzf (Xo) =O) thi tai X, choa co ket luan. Phai xet vi phan cap 3...
Nieu kien fiu ve fitnh théc Hess, xet 2 fitnh théc:

i/ H, <0, H; <0 b thi fiat coc tieu.
i/ H, >0, H; <0 b thif fat coc Adli.

of 10 T8 | el I
e o) [T | Ty, Ty,
9 | u " 1 I 1
Ho=|— | f f =|f f f ,
1l /i i/
g £ £/l f X5 fxle f X5 Xy
ixy, | XX X2X2
ol o g 1
I I, Ix, lxg
Rl Y Y R Y IRY
H. = ixg | X% XX2 XaXs _ Ixg | XXg XqXo  X1Xg
37 1g cHen e Y Y Y
Ty | XeXa XX XoXs IXo |7 XoXg " XpXp  XoXg
f Il f I/ f I/ f Il
19 |¢u I I I X3 | XgXg @ XgXp  XgXg
fixg | X% XXz X3X3

4. Céc tro voong ham 3 bién co 2 rang buoc: Coc tri f = f (X1, X5, X3) va 2 rang buoc
101(Xq,%2,%3) =0

1 92(%q, X2, X3) =0

f(Xq, X0, X3,1 1,1 ) = T (X1, X0, X3) +1 101(X1, X5, X3) +1 205(X1, X2, X3)

Nieu kien fiu ve fionh théc Hess, xet 2 fionh thdc:

xet 1 fionh théc Hz: Hz3<0thi CB va H3;>0thi CT

1 1 1 / / /
0 0 f [ 1% f [ 41X f [ 1X3 0 0 gl, X1 gl, X5 gl, X3
1 1 1 / / /
0 0 fI 2Xq fI 2Xo fI 2X3 0 0 gZ,xl g2,x2 g2,x3
mry 1 1 1 1 o / 1 1 1
Hg =|f l1x; 12X f X1 X1 f X1 X f X1 X3 | g1,xl gZ,xl f X1 X1 f X1 X f X1 X3
flll 1 f 1 f 1 f 1 g/ g/ f 1 f 1 f 1
1Xo 1oXs XoX1  XoXp X5 X3 1%, 2,X5 XoX1  XoXp X5 X3
flll flll f 1 f 1 f 1 g/ g/ f 1 f 1 f 1
1X3 loXg | " XgXy XXy T XgXg| [FLXz  T2Xg | XgXp  XgXp  XgXg
To6ong t6 ham 3 bien: L(x,y,z, | )= f(x,y,2) + | | (X,y,2)
Thi d’L= L/)/( , dx2 + L/)// , dy?+ L/Z/2 dz+2 Ly, dxdy+2 Ly, dxdz+2 Ly, dydz.
3.3 Cac vi du:
Vidu 1:
y2 i
Tim cac fiiem toi han cua: f (x,y,z)= X+o oF T+ X10,y10,210.
X y z

Dung fiieu kien cap 2 cuia fiao ham fie phan biet hiiem Max va Min.
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Nei c66ng On thi cao hoc, TS.GVC Nguyen Phu Vinh

y? y 2°
Giai: Giai 3 phong trinh: f)l(:l-—Z:O; f)//:—-—Z:O;
4x 2X y
fZ/ =22 £—0<—>I'l:ﬂ,lzz—,5:iy,vay Y, X, Z cung dau.
y 72 A 2x 'y 22[3

Khu y trong 3 phuong trinh fie con phédng trinh 2 bien x, z:  z=1==> z=+1.....
tim Ad6c Aiung 2 nghiem dong: M(1/2, 1, 1) va N(-1/2, -1, -1). Tinh:

2

f)ﬁ’xz_y3 f)/é/_i+2i3 f//:3+i3
2X 22Xy y z

In_ 'y I _ I _-2z

fy= >3 £ = fyz_7

+ Bay gio0 xet nghiem tai M(1/2, 1, 1):

Xet vi phan bac 2:
42t = 1fax?+ £ }ay? + 1 Lz +2( 1l cecy+ 1 ceciz+ fJhayel)

la mot dang toan phodng theo dx,dy. Ta co ma tran:

1/ i i
fyx fxy fxz 4 -2 0
gl gl gl —1 5 3 _2=H,=32>0, H, =4 >0
oy yz 3 i ’
LR YT 0 -2 6
4 -2
H2: =8 >0
-2 3

d*f(M) >0 (DTP xac fisnh dodng) " dx,dy => M(1/2, 1, 1) coc tieu.
+ Bay gio0 xet nghiem tai N(-1/2, -1, -1)

-4 2
H, = -4 <0, HZ:‘2 3‘:8>0

// // //

fax  Txy fxz 4 2 0

// // /| _ _ _
flofl tl=|2 -3 2|=Hg=-32<0,
thoth otk 0 2 -

Vay d*f(N) <0 (DTP xac fionh am) " dx,dy
=> N(-1/2, -1, -1) céc fali.

Cach 2:

- Xet nghiem tai M(1/2, 1, 1):

Ta tinh troc tiep td vi phan bac 2:

42t = 1fax?+ £ }ay? + £ iz +2( 1 decy+ 1 eciz+ £ payel] Ta:
d?f =4dx? + 3dy2 +6dz2 - 4dxdy - 4dydz, sau mot soitinh toan :
dy ('52

&
- Xet nghiem tai N(-1/2, -1, -1):
Ta tinh trdc tiep td vi phan bac 2:

d%f =4 2

+2(dy- dz)* +4dz% >0 ==> M(1/2,1,1) CT
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6 Ne c66ng On thi cao hoc, TS.GVC Nguyen Phu Vinh
42t = 1fax?+ £ }ay? + 1 iz +2( 1 decy+ Feciz+ fpayelz] Ta:

d?f =- 4dx?- 3dy2 - 6dz® +4dxdy + 4dydz, sau mot soi tinh toan :

d2f —-48dx- d—2y° 2(dy- dz)- 4dz% <0 =>N(-1/2, -1, -1) CRi¢

2

Vidu2: Xet lai vi du trédc fiay: Ham: z=f(x,y) = x®+y*—3xy
- Tim tap cac fiiem dong:
Z,=3x*-3y=0
Zy=3y*—3x=0
Giai he nay ta co 2 ﬁie'm dong la M1(1,1) va M»(0,0)
- Tacor: zi(lz =6x, 2’y =-3, zzz =6y

Vaviphancap2: d f—f”dx +f”dy +2f dxdy

2
§ Tai My d?f =6dx? +6dy? - 6dxdy = 68dy- %X?
%]

9dx 2

>0,

nen M; la filem coc tieu.
Co the thay bang H; =6>0, H, =36 -9 >0
§ Tai My d°f =- 3dxdy = ? co the am, co the d6dng,
nen M, khoing la filem cdic tro. Coithe thay bang H, = -9<0. ¢

Vidu 3:
Tim cac fiiem cdc tro cua: f (x,y,z)= x+ﬂ+i+£
X 2y z
Giai: D=R*-{(0,0,0)}. Giai 3 phoong trinh: f)/(:l-ziz:o; f)//:2__z_2:0;
X X 2y
f/_i-_:0< >{x _2y4y =Xz,z —2y}
2y z

Vay y> 0, x va z bang nhau va cung dau. Giai ra:
Tim i6dc Aung 2 nghiem dong: M(1, 1/2, 1) va N(-1, 1/2, -1).

, n_4y In_Zz n_ 2
Tinh:  f,, =—— foy =— f o, =—
N Yy y3 zZ -3

2 Il n_ -1

= 2 £ =0 i ="=

Xy 2 Xz yz 2y2

+ Bay gio0 xet nghiem tai M(1, 1/2, 1):
Xet vi phan bac 2:

d2f = £ Lo+ £ ay? + £ o2 +2(f dxdy+f)ﬁ’2dxdz+f”dydz)

la mot dang toan phd6ng theo dx, dy, dz. Ta co fionh thdc ma tran Hess:
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Nei c66ng On thi cao hoc, TS.GVC Nguyen Phu Vinh
/Yy
XX Xy Xz

2 -2 0
// // /| _ _ _ _
thofl tlhl=l-2 8 -2=Hg=16>0,H =250,
LR LAY 0 -2 2
2 -2
sz‘ ‘:12>0
2 8

d*f(M) >0 (DTP xac fiinh dodng) " dx,dy,dz => M(1, 1/2, 1) coc tieu.
Cach khac:  d?f =2dx? +8dy? + 2dz? - 4dxdy- 4dydz=

=2(dx - dy)® +4dy? +2(dz- dy)® >0 => M(1, 1/2, 1) c6c tieu.

+ Bay gio xet nghiem tai N(-1, 1/2, -1)

Hy=-2<0, H,= "2 '8‘:12 >0

1 I 1
fex  f Xy fxz

-2 -2 0
fox Ty fyz=]-2 -8 -2=H3=-16<0,
0 -2 -2

o fa 2
Vay d*f(N) <0 (DTP xac fionh am) " dx,dy,dz
=> N(-1, -1/2, -1) céc fiai.
Cach khac:  d?f =-2dx?- 8dy? - 2dz? - 4dxdy - 4dydz=
=-2(dx +dy)?- 4dy? - 2(dz+dy)® <0 => N(-1, -1/2, -1) coc fiai. ¢

Vidu5: Tim coc tro cua f(x, y, z) =2x+y+3z.

Voi fieu kien: g(x,y,z) = x2+4y2+222- 35 =0.

+ Cach 1:

Ham Lagrange:L = f +1 g=2x+y+3z+l| (x2+4y2+222- 35)
Ly=2+2 x, Ly =148l y, L, =3+4l z, L] =x®+4y?+27°- 35
n_ I _ I _ I _

Ly =21, Ly =8l , L =4, Lj} =0

Lhy =0, Ly, =0, i, =0, LY =2x, Ly =8y, Ly =4z

Llull‘ r R _ . .

NL=00 M &L 31 =20 m,B4.1 3 =19

8 2 4 8 2 44
co hai ilem dong. Xet vi phan bac 2 .
020 = Upycc? + L dy? + L ciz? + 2 Ly ixay + L xaiz + L el

la mot dang toan ph6dng theo 3 bien: dx,dy,dz. Chdng minh fileu nay t66ng t0 nho troding hop 2 bien.

Xet vi phan bac 2 tai Mlagl,i,?a,l :_—12, f=17.5
&2 4 g
d2L| = Lydx? + L dy? + L,dz =- %dxz - 2dy? - dz® <0

My
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8 Ne cdéng O‘n thi cao ho'c TS.GVC Nguyen Phu Vinh

Nen M 3I ="~%jacK.
18 "4 b
Xet vi phan bac 2 tai M28§4,-1,-3,I :12, f=-17.5
& 2 4y
d’L] =l dx®+ L’{,yoly2 + 1 dz? :%dxz +2dy? +dz% >0
M2
Nen M -3 == IaCT
28 421
+ Cach 2: Dung fionh thoc, xet 2 fionh thoc (n=3,m=1).
Tai M, 22 3I :_—12, (-1)k Hy, >0, k=m+1,n=2,3, that vay:
&2 4 g
/ /
0‘ 9 9yl o] 8 4
Taxet: Hy = g{( L/)/(X L/)ﬁy =18 71 0=136>0
/ / /
0| oax 9y 0 8 4 12
I " "
gy | L L L gl-1 o .
Hg = 7 ;X ;y ;Z: 2 = -280 <0, Tai M, CK,
gy |Lx Ly Ly [4] 0 -2
gé L/z/x L// L// 12| 0 O -
ToOoNg to' tai M2 -3 :12, CT. That vay:
8 4y

0‘ gi 9yl |0]-8 -4

, ||l I_ 1 -
Taxet: Hp =gy | Lxx Lyy|=|-8| 5 0=-136<0
/ / /
0 Ox gy 9z 0|-8 - -12
/ I I I
Oy | Lix Ly L 8|1 0 o0
Ho=| | % 79 7= 2 = -280<0, tai M, CT.
o) Uy Ly Ui |-4/ 0 2 0
-121 0 0 1
0| lx Ly Lz

Vidu 6: Lay vidu trédc Z=xy, thoaj (x,y) = (x-1)>+y?*—1=0
L=z+l.j =xy+| [(x-1)>+y*—1]

Ta xet 2 filem ddng M1(§ % i) Mz(— T\/_ \/_
X2:2| :Lléz’ L// =1, I-xI =2(x- 1)_] X '-yl =2y= ly
- Tai |v|1(E ? | _i) z=1.299,
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Nei c66ng On thi cao hoc, TS.GVC Nguyen Phu Vinh

S
‘O‘Jxly‘|0| 1 \@|
Ta xet: H2:- 4( all a12 = 1 -\/é :6\/5 >0, Mj_ IaCN
ig/ a1 ap V3 1 -3
Tai M2(§,£,| :E), z=-1.299,
2 2 2
I
05k 15 | of 1 -3
Ta xet: H2:j 4( all a12 = 1 \/5 :-6\/5 >0, M> laCT
ig/ a1 ap V3| 1 V3
- Tail Mo(0, 0, | bat ky), Ta xet:
Ho=|] ap ap|=-2|2 =-8l , Mg choa co ket luan

Vidu7: Layvidutréde z=xy, thoaj (x,y) =3x+2y—5=0

L=
Co 1 filem dong duy nhat M(E i | =

L//

—n—!
, =0=L

f+1.] =xy+1 [3x+2y —5]

55 _ﬁ)
127

I _ N —a_i ! I _5_il
2 LXy—l, LX| —3—] X 1 Ly| —2—] y:

TaiM(2,2, 1 =22), 7=25/24,
6 4 12
- .
O‘ Ix Ty 0l3 2
Ta xet: H2:j / 11 Aol = 310 =12 >0, M la CN
.
| y |81 @22 211

Vidu 13: Timcoc tro ham f (xl,xz) =3Xq - 4X, VOi rang buoc

j (xl, x2) =8Xq Xp +16Xq - 8x§ +24x5 +104 = 0 & hyperbol xien

Ham L: L= f (xl,x2)+lj (xl,xz):

= 3Xq - 4%y +1 (8x1 Xo +16X4 - 8x§ +24x, + 104) , iao ham:

!
l
|
i
|

b

/
X1

/
LX2

=3+1 (8x,+16) =0
, khd!'l & hai phdong trinh nay:
=4+ (sx1 i 16x2+24) =0

8X2+16 X2+2

= =23 o 3Xp - 2Xp =-17, giai he
8y - 16X, +24 X - 2x,+3 4
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10 Ne cédng On thi cao hoc, TS.GVC Nguyen Phu Vinh
1 _ 2 —
1] (x , X )—8x Xo +16X4 - 8X5 +24X, +104=0
P 1 e & , ta tim fi60c 2 fiap an cho boiba ( Xy, X,,! ) la:
¥3X1- 2X2:-17

A(-5, 1, -1/8) va B(-9, -5, 1/8)

-Tai A(-5, 1,1 =-1/8), Nhanh tren

./ ./

0

I T [ 0, 24,-32]

_i ! 1 " _ _ N

Ha=li o | Ve, Ly, = 24 0. -11|=384->CN

W Il [-32, -1, 2]

I
X2 XoX1 XoXo

3x4y+7=0

/

A(-BA)

B(-9,-5)

-20 -10 [0} 10

f (xl : x2) =3Xq - 4xo= -19. Vaiidong thang: 3x; - 4X, =- 19 laiddng
thang (t6mien cat)fi t6/ tren fii xuong (theo chieu tang mui ten cua C, 3X; - 4X, = C) fiei tiep xuc

Cb vao nhanh tren hyperbol tai A(-5, 1).

Co the xet dang vi phand?L : Toj ildxl +] £<2dx2 =00
24dx, - 32dx, =0U dxq :gdxz. Vay:

d’L =" ax@+ U axZ +2U/  dxjdx,=
X1 X2 X1 X2

= 2dx3 - 2dx;dx, = 2dx3 - 2gdx§ <0-->CN
.Tai B(-9, -5, =1/8), Nhanh d&di

- ./
0 J X J %| & o -
=i/ /1 | _|e 1
H2 =1 X1 LXle LXlXZ - §'24, O, 1 : =-384 -->CT
i/ 1 1 g 32,
: X2 LX2X1 I‘x2x2
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Nei c66ng On thi cao hoc, TS.GVC Nguyen Phu Vinh 11
f (xl : x2) =3Xq - 4Xo==71. Vafioong thang: 3Xq - 4Xy =-7

La idong thang (t& mien cat) fi t6d6di fii len xuong (theo chieu tang ngddc mui ten cua C,
3Xq - 4X, = C) tiep xuc CT vao nhanh doéoi hyperbol tai B(-9, -5).

Coithe xet dang vi phan dL:
.o ] ./ _ ~ _ ~ _ 4
Tor) dexl +] dex2 =00 -24dx; +32dx, =00 dx; _§o|x2

d?L =" ax@+ U axZ +2U/  dxjdx,=
=l S S

=- 2dx5 + 2dx dx, = - 2dx3 + 2%dx§ >0-->CT

Chu y:

0/ Nhanh tren co f (Ay) = f (A) vanhanh ddico f (By) = f (B;)

1/ Nhanh tren co:l = QNHII'— . , Ngooc voi nhanh dooi co: | = %iNHIF -1
Nj 8 Nj 8

2/ Néng fian fio co mau thuan ve: gia tro Max= -19 va Min= -7, tren 2 nhanh khac nhau, that ra fay la
Max, Min tren hai nhanh khac nhau, hay xem gia tro ham f (xl : x2) =3Xq - 4%, tren hai nhanh dooi

fiay: That vay, ta se/tinh gia tro cua f (xl : x2) =3Xq - 4%, tren cac fiiem lan can cua fiiem coc tro tren

ca hai nhanh bang excel sau fay:

. 1 o
b6 thi nhanh tren: f; = Eaes+ X+ x%+14x+ 612,
2

D6 thi nhanh dooi: f5 = %?ﬁ x- \x2+14x+612, & do tim Xo, qua Xq, tél phuong trinh:
o

j (xl,xz) =8Xq Xy +16X; - 8x§+24x2 +104=0,

Xo :%g%+ X1 +\/x12 +14%4 +61%, Xo :%g%+ Xq - \/xlz +14x4 +61%

Nhanh tren fl -->max Nhanh dodi f2 -->min

X y=Ff1(x) f=3x-4y=C X y=F2(x) f=3x-4y=C

-8 -0.69722 -21.2111 -12 -7.54138 -5.83447

-7 -0.26795 -19.9282 -11 -6.64575 -6.41699

-6 0.302776 -19.2111 -10 -5.79129 -6.83485

-5 1 -19 -9 -5 -7

-4 1.791288 -19.1652 -8 -4.30278 -6.7889

-3 2.645751 -19.583 -7 -3.73205 -6.0718

-2 3.541381 -20.1655 -6 -3.30278 -4.7889

Vidu 14: Cho ham f (xl : x2) = 32Xq + 7X5, VOi rang buoc

j (xl,xz) =- 9x12 - 6X1 X5 - x% +40xq +17x, - 49=0 (parabol xien). Tim cac cac tro va cac gia tro

ham t6ong 6ng.
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12 Ne céong On thi cao hoc, TS.GVC Nguyen Phu Vinh

.( 1): L’ =32+ (-18x; - 6x, +40) =0

L=f+1j, (* )I( 2): L =7+1 (-6x1- 2xp+17) =0 , chuyen ve 6 (1) va (2) (ta
T
,:\( ) :-9X1 6X1X2 X2 +40X1 +17X2 49=0

co | 1 0), chiave voi ve, fie khdl | , Aieu nay ta lam fiddic vi mau soi co thel gia sé khac 0, do ta co the
uur  yuua

I \ r
gia so: (Nf Nj ) (0,0). Vay khir | 20 tir (1) va (2)a -3X1 - X2+ 12 =0, roi the vao (3) ta co &

-11x4 +11=0P x4 =1, theivao (3) ta co phodng trinh bac 2: x% - 11X, =-18=0pP x5, =2,9.

32 x+7y-95=0

10
\ A, 9)-->C=95
o \
. \\\‘i ‘\\
2 /
] 32x+7y=C

: N\

-10
-Lay x, =9, xq =1, thevag (1) va (2fe | =1, 2 3 4 5 o

vay co nghiem M(x; =1,x,=9,1 =1),& f (1,9)=32x; +7x, =95

. .
0
' x| o)ia -7
VaTaxet:H, = |j ﬁ(l |_’X’1Xl |_’X’1X2 :‘-32 ‘ -18 -6/=242 >0, M laCK.
7] -6 -2
j / LH LH
X2 X2 Xy X2X2

-Lay X =2, xq =1 (&khong thoa- 3X1 - X2+ 12 =0), hay the vao (1) € 32+10l =0 & | = -32/10,
vathe | vao (2) thi khong thoa, vi | = -1, nen he (*) vo nghiem.
Vay co duy nhat mot nghiem ma thoi: (X, =1,x, =9,1 =1) thoa NL =0, con nghiem kia (x, =2,

X, = 1) khong thoa uIqlull_ =0.

Vidu 15: Cho ham f (xl : x2) =9x4 - 13X, VOi rang buoc

j (xl,xz) =10x2 - 18%; X5 +13%5 +12x, - 50x, +69=0 (ellip xien). Tim cac cac tro va cac gia tro

ham t6ong 6ng.

H(1): L, =9+1 (20x,- 18x,+12) =0

|
|
L=f+l], (*)_%_(2):L’)(2:-13+| (- 18x, +26%, - 50) =0 ,
|
I(3): L] =10xf - 18x;xp +13x5 +12x - 50%, +69=0

PDF created with pdfFactory Pro trial version www.pdffactory.com



http://www.pdffactory.com
http://www.pdffactory.com

Nei c66ng On thi cao hoc, TS.GVC Nguyen Phu Vinh 13
Co 2 filem dong:A(x; =3, X, =3, 1 =1/2), B(X1 =3, X, =5, 1 =-1/2)

- Xet A(Xq =3, X, =5,1=1/2). VaTa xet: f (xl,xz) =-38

{

" (-) /““_ﬁ
4 //ﬁ; /7
. - ~ F

Max

(+)

0 0.5 1 15 2 2.5 3 3.5 4 4.5 5

Iy Iy | 0]-18 26‘
. // // _ _ = )
i | Baxe Dy -18‘ 18 1 3‘—-2548 <0, &A laCT.
j / L// L// -

X2 X X1 X2 Xo

- Xet B(xq =3,%,=3,1=-1/2). VaTaxet: f (xl,xz) =-12

-/ -/
0 I T | 0| 18 -26‘
/ I_// I_// _

Ho=li % | Lax, Lo 7| 18 ‘ -10 j:2548 >0, &B la CN.
-26| 9 -1
R L/
X2 XX XoXp
Vi du_16: Cho ham f (xl,xz) =-TXy + X+ 7+ x12 - 2X1 Xy + x%, vOi rang buoc:

] (xl,xz) = x12- 2X1 Xp + x§+ Xy + Xo- 1=0 (2 parabol xien). Tim cac cac tro va cac gia tro ham

toong Oing.

(1): |_’Xl =-7+2%- 2%+ (2xq- 2x5+1) =0

i(1)-
!
L=f+1j, (*)1(2):L, =1- 29+ 241 (-2xq+2x,+1) =0,

i

1(3): L =x2- 2X Xy + X2+ X] +Xp- 1=0

Giai (1) va (2) : flat u=2x; - 2x, & kho | ta co u=1 a2x; - 2x, =1 the vao (3) giai ra ta co fiiem
tiep xuc C(5/8, 1/8, 1=3), f(5/8,1/8)=3 & min.

ta xet fionh thoc :
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14 Ne c6ong On thi cao hoc, TS.GVC Nguyen Phu Vinh

-

-

0 : X1 J X200 101 2 O
_|i 7 /1 T _ ~ .
Ho=li s | By Lo =|2| 8 -§=-32<0,&C laCT.
WA /1l 0[-8 8
J X2 XoXq X2 Xo

Nghiem lai tren hinh ve: ta co f=f; =9, f=f, =3, gia tro f cang I6n

khi fiznh cua f cang fii xuong phia -¥ va luon col f;(A)=f1(B), chieu

x12-2 Xq x2+x22+x1+x2-1 =0
6 7
4 /A
7 f2
2 /
A
CT
g™ C
N0 —
(phi=0) " ./ i
CD B
4 //
. /
-5 -4 -3 -2 -1 0 1 2 3 4 5

X4

ngodic lai f (lam f giam) Aat min tai C(5/8, 1/8, | =3) & khi 2 parabol nay tiep xuc tai C.
Xet them mot vi du nda, nhong ket qua la nhdi cong cu cua toan chuyen fiel phodng phap tinh, fiel giai

cac phdong trinh phi tuyen.

Vidul7: Choham f (xl : x2) = x12 +13X5 - 2Xq1 - 4Xq Xy +4x§ +1, voi rang buoc:

j (xl : x2) = 2x% - 2%y Xp +5X5 - 2%1 + 24x, +30=0. Tim cac cac tro va cac gia tro ham to6ng 6ng.

2 2 _
2 Xy -2 Xy x2-12 x1+5 X, +24 x2+30 =0

4
2
tarV
giam
0
C
N2 y

%
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Nei c66ng On thi cao hoc, TS.GVC Nguyen Phu Vinh 15
Két qua: Ninh parabol ting +¥ theo chiéu mii ten, lam giatri f ting, nhu hinh v&, hai fiiem tiep xuc

tai elip | (xl,xz) =0 coi fionh lam f (xl,xz) fiat cdc tro la: (Hoc phan PPT sel giai quyet van fiei nay)

A(x1=3.195188210, x,= -2.589062020) & fax= 31.06417536
B(x1=0.3023821985, x,= -1.936393601) & fyi,= -7.34584169
Hai gia tritai 2 iém C, D bang nhau: f(C)=f(D)= 0.

BAIl 4: MOT SO BAI TOAN COC TR0 TRONG KINH TE

4.1 Bai toan cho xi nghiep san xuat nhieu san pham trong fiieu kien canh tranh hoan hao:
Xet mot xi nghiep san xuat n =2 loai san pham trong fiieu kien canh tranh hoan hao (nha san xuat
phai ban san pham vdi gia do tho tré6ng quyet fionh). Biet gia (Price) cua cac san pham tren la Py; P,
va ham tong chi phi (Cost) xet trong mot fién vo thdi gian la C =C (Q,Q2), la ham tinh theo nang
1606ng tieu hao, tren hai moc san 160ng (Quantity) Q1, Q2. Nen nol phai la bac 2 t6ong ho cua Qi, Q.
Tong quat ham chi phi la ham:
C(Q)=C(Q,Q,,Qn)=Q" AQ+BQ +const , trong fio:
B,Q'=[Q @ .. Q] My, AT My, consti R, gom cac yeu to chi phi lien quan fien
nang 166ng thi thuoc dang toan phadng Q' AQ, vi toc fio thay fioi cua C(Q) (toc fiao ham cua no) lai
phu thuoc trdic tiep vao bien Q. Ngoai ra con col cac yeu to chz tz le tuyen tinh BQ theo san 166ng , va
them hang so. Const la chi phi ban fiau bol ra. Va nho vay chi phi la mot loai quadric tong quat trong
R".

Bai toan la tim mdc san 166ng Qi, Q2 cua cac loai san pham tren trong mot fidn vo thoi gian fie:
xi nghiep co 16i nhuan toi fAa.
Gia s0 Q1, Q2 la san 166ng cua cac loai san pham Addc san xuat trong mot fién vo thdi gian. Khi fio
doanh thu (Revenue) se la:

R:P1Q1 + PzQz.
Loi nhuan (Profit) thu i6dc: p=R —C.
p = P1Q1 + P2Q2 — C(Q1,Q2).

Mdc san 166ng phai tim la gia tro Q1, Q2 dédng fiel lam p fAat coc Aai.

Vi du: Gia s6 mot xi nghiep san xuat hai loai san pham véi gia
P1 =10; P, = 10. Ham tong chi phi
C =C(Q1.Q2) = 2Q1* + QuQ2 + 2Q;".

Tim mdc san 166ng Q1, Q- fie xi nghiep col 16i nhuan toi Aa.
Doanh thu cua xi nghiep la: R=P1Q; + P,Q, =10Q; + 10Q,.
L&i nhuan cua xi nghiep: p=R-C=

p=P1Q1 + P2Q, — 2Q:* — Q:Q. — 2 Q%
Vay p=10Q; + 10Q; —2Q:* — Q1Q, - 2 Q%
Ta tim cdc tro cua p.
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16 Ne céong On thi cao hoc, TS.GVC Nguyen Phu Vinh
| in L
ﬂQl ol ]. Py -4Q1-Q2:OU .‘t4Q1+Q2:P1

— I f—
.‘.ﬂ:o iPy74Qy Q=0 {Q;+4Q,=P,
171Q)
X 4P - P, 4P,- P e z 1%n
UQ1: :2’Q2: :2’ > __4. _-l; > :_4’
15 15 1°Qq Q.15 17Q,

Vaytaco A=-4<0vaD=AC-B*=16-1=15>0.
Suy ra p fat coc Aai tai iiem Qi = 2, Q2 = 2. Vay mdc san 166ng ma xi nghiep san xuat fiel co 10i
nhuan toi fiala Q;=2va Q. =2.
Cach khac: Tinh vi phan bac 2: d’p =-4dQf - 4dQ3 +2(- 1)dQ,dQ, =
- - 4gdQy + dQ2 D y02<0==>(@Q.=2va Q.=2)CK.
é 4 = 4
ﬂ
4.2 Bai toan cho xi nghiep san xuat nhieu san pham trong fiieu kien san xuat fioc quyen.
Gia s6 mot xi nghiep san xuat fioc quyen n=2 loai san pham. Biet ham cau cua xi nghiep ve 2

loai san pham tren mot fién vo thdi gian la:

Qb1 = D1(p1,p2)

Qb2 = D2(p1,p2) (p1, p2 la gia ban)
Thong théong i =1,2, pj- P QDi ~ hay ngddc lai.

Va ham tong chi phi cua xi nghiep: C =C (Q1,Q>)
Tim mdc san 166ng Q1,Q- fie xi nghiep co 16i nhuan toi Aa.
Gia s6 Q1,Q- la san 166ng cua cac loai san pham ma xi nghiep san xuat trong mot fién vo thdi gian. Ne
ban het cac loai san pham tren xi nghiep phai ban voi gia ps,p, sao cho:
Qo1 = Q1 = D1(p1,p2)
Qb2 = Q2 =Da(p1,p2) (Do quy luat cau)
To fay tim ra AGOC py;p2 theo Q1; Q.. khi fio doanh thu cua xi nghiep la:
R = p1Q1+p2Q2
L&i nhuan (Profit) cua xi nghiep la: p =R-C,
maoc san 166ng tim ra Ad6c Q1,Q; phai tim la gia tro Q;,Q, dddng sao cho p fat cdc Aai.

Vi du:

Lay Qp1 =40 —2p; + p2; Qp2 =15 + p; — p2 vaham tong chi phi trong mot fién vo théi gian la:

C = C(Q1,Q,) = Q2 + Q:Q + Q.. tim mdc san 16dng fie xi nghiep col 16i nhuan toi fia.
Ly luan nho tren ta fii tdi he phédng trinh.

Qp1=40—2p;1 +p2

Qp2=15+p1—p2
Giai hel tim fAdbic:

P1=55-Q:1—Q2 ; P2=70-Q1—2Q;
Doanh thu cua xi nghiep la:
R=p1Q1+p2Q2=(55—Q1—Q2) Q1 + (70 — Q1 — 2Q>) Q2
L&i nhuan (Profit) cua xi nghiep la: p=R-C=
=(55—Q1—Q2) Q1 + (70 — Q1 —2Q2) Q2 —( Q:° + QuQ2 + Q)=
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= -2 Q" —3Q,° — 3Q1Q; + 55Q; +70Q;,
Ta tim fiddc coc tro cua p:
1Im _g
"HQl 0 -‘[-4Q1-3Q2+55:OfJ 1,-4Q1+3Q2:55
i I “o 1-6Qp-3Q1+70=0  $3Q; +6Q, =70

f1Q2
1Q1=8 2 2 2

0 23, val CO: l n2:-4 ;‘"—nZ:-G W _ 3
Q2= 1Q1 1Q, 11Q11Q2

Vay A=-4;, B=-3; C=-6

iA=-4<0

I

fA=AC-B2=24-9=15>0
Vay moc san 166ng (Q1,Q2) ma xi nghiep san xuat fie co 16i nhuan toi fia la (8,23/3).
Cach khac: Tinh vi phan bac 2: d°p =-4dQf - 6dQ3 +2(- 3)dQ, dQ, =

b pfiat cdc fai tai (Qr,Qy) = (8,23/3).

:-6§dQ2 d(;l— 2dQ2 <0 ==> (Q1,Q2) = (8,23/3) CK.
1]

4.3 Bai toan ngoai tieu dung:

Gia so ng6di tieu dung fionh dung mot soi tien la B fie mua sam n=2 loai hang. Biet rang gia
cua cac loai hang la pq;p,,ham héu dung cho n=2 loai hang tren: u=u(x,y), trong fio X,y la so 160ng
hang thd nhat thd hai t6ng 6ng ma ngddi fio mua. Hay xac fionh soi 166ng hang ma ngddi tieu dung se!
mua, sao cho gia tro sé dung 16n nhat.

Ta phai tim cdc tro ham so u=u(x,y) voi fiieu kien: pix + poy =B.
Naly la bai toan tim céc tro co fiieu kien.

vidu: u(xy)=4(x+2)(y+1) va pi=4; p=6; B=200

Ta tim cdc tro cua ham u =/(x+2)(y +1) voi fieu kien:

] (X,y)=4x + 6y — 200=0
Tim fiiem dong (Xo,Yo) va so | thoa he phdong trinh:

11 y+l
i, = 24 = 0
"ﬂx M =0 1 24(x+2)(y +1)

1
[, 0 ogfl  xe2
,'IT ﬂy _,-2 (x+2)(y+1)
J (xy)=0  lax+ey- 200=0

f

giai he fiddc: x 9. y _10i. | = = ==> U= 107
0=—, 0=—= =—F=. =2 U=—=
4 6 4.6 24

Xet ham Lagrange:  L(x,y) =u(xy) +1j (xy) =./(x+2)(y+1)- ﬁ(4x+6y- 200),
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18 Ne céong On thi cao hoc, TS.GVC Nguyen Phu Vinh

TR (y+12 18 fy+1 2

tinh toan: A= 5 =" 5" T —=
P Al lv+n) el

A1 1 L 1AL 1 Jx+2

B=t — == O
Xy 4 )(x+2)(y+1) Ty 4 (y+l)3
1 [ o JF -3k VE_ G

428\ 3 312 428 428 428 214
dL =- — 2_ -
dX AV, 4dXdy \/54dy

dx,dy thoa dj =0 U 4dx +6dy=0 U dy = -2/3 dx
b d’L<0 P u fiat coc fai
Cach khacl: Viet lai dooi da‘ng vi phan:

3J/6& f 23f
2 8§dy' " 7704

18
4(x+2)+
5 \/4(x+2 ).6(y +1) =+/24u
4x+6y- 200)+214 4(x+2)+6(y+1 -
107:( y ) = ( ) (y )3\/ﬂuu £3u
2 2 V24
99 101
4 6
Cach khac3: Co the giai bang hinh holc, sinh vien t&' giai.
Cach khac4: Dung fionh thoc xet dau: n=2, m=1, chz xet mot fionh thoc:

d2L =- dx2 <0Pb u fat coc fai

(

Cach khac2:

va chz bang khi 4(x+2)=6(y+1)p x=

oli’ i/l |0 4 6
7 -6 6| 486 .
H,= a o =|4 = >0 ==>CN
2 Jj‘ e 321 214 107
|y | a2 6 V6 -3V6
214 428

4.4 Bai toan tim fiau vao sao cho chi phi san xuat be nhat.
TQ >0, — TQ >0. Nén
fix Ty
gia cua flau vao co fionh ky hieu la: p1,p.. Bai toan fiat ra la: xac fionh san 166ng fAau vao (x,y) fie san
xuat ra Q san pham v0i tong chi phi be nhat.
Mo hinh cua bai toan la:
Tim (Xo,yo) fie. C = pix + p2y nho nhat voi fieu kien
Q(x,y) = Q. Ta phai tim gia tri nho nhat cua ham
C = C(x,y) = pix + p2y thoa iieu kien: j (x,y) =Q(x,y) —Q=0.
Nay la bai toan coc tro co fiieu kien fiai biet cach giai.

Gia s6 ham san xuat Q = Q(X,y) co fiao ham rieng fien cap 2 lien tuc va —

Vidul: Cho Q(x,y) =10 \/xy ; P:=10; P,=15; Q=20
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N A
1c L0 -:-1O+k5\ﬁ20
::: ﬂX ﬂ_x i X \Q
RIS/ 0 '15+x5\ﬁ:0,
| i .
i (xy)=10y/xy - 20=0 \/_ 2 N >
Giai he tim fiooc (chz lay nghiem d6ong): Xg = J6 6,Y0 —i A=-46,

Xet ham Lagrange:
L(xy) = C(xy) + 1 ] ()= 10x + 15y - /6(10,/xy - 20).

ﬂ_ig\ﬁ. ML _-5/6 1 . ﬂZL_sfg\f
X' Xy 2 Sy o2 2 y\y

p A=2E. _«/i__\f 56, g_-5/6 1_-5V6,
2 2 4
2 2I\F \Ez%

Cach khac: Viet lai d6di dang vi phan:
d%L = \/7 2 15\/5 fdxdy sau mot phep tinh toan, ta co:

dL 15\/_8d - —dx_ >0 b L(xy) fAat coc tieu ?. That ra ta co the fida ve ham mot bien fie
4]

khao sat, fiel thay thoc sO L(x,y) fiat coc tieu. Co the thay ro fiieu nay qua y nghéa hinh hoc cua bai
toan nho hinh ve. ta con co the thay iddc ket qua nay qua BNT Cauchy:

10x;15y 3 J10x™ 15y =+/150,/xy =2V150 b 10x +15y 3 4150,
2./6

BNT che xay ra dau bang khi 10x =15y U 2x=3ypP x =6y =3
Nhan xet: Nay la bai toan co dang vi phan bac 2 toan phdong la suy bien nghia la

|H | =00 A=AC- 82 —%- 150 =0, nhdng fiilem dong van la fliem cdc tro nho Aa nhan xet &l tren.

Cach khac: Dung fionh thdc xet dau: n=2, m=1, chz xet mot fionh thoc:

ol o fg| | o 10 15
ﬂXl ﬂXz \/g \/g
[0} 10| 5/6 -56 —
H, =|— | a Aol = =- 306.18<0 ==> CT.
19 15 | -5/6 15/6
w | Q1 @4
fixo Je6 | 4 8
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20 Ne c66ng On thi cao hoc, TS.GVC Nguyen Phu Vinh

Vi du2: Ne thi cao hoc kinh te 5/2007.
Dung phddng phap Lagrange tim 166ng lao fiong L (Labor) va von K (Capital), fiel cdc tieu hoa ham
chi phi C (Cost), C =L +0.01K , K>0, L>0, vdi rang buoc ve ham san xuat Cobb-

Douglas:Q =+ LK =20.

Giai:
f(LK,1)=L+001K +I (VLK - 20), |g(L,K)=VIK - 20=0
K / L /
fl =1+ =0, fj =0.01+ =0, /' =LK - 20=0
- 2JLK K ok !

p 100=i=ﬁl3 K =100L,
001 L

the vao +/LK =20b +/L" 100L =20 0 L =2, K=200, | =-0.2
vi K>0, L>0, nen ta khong lay nghiem am.

f{’L:-%l KZ(LK)'%, fick :-%I L2(LK)'%
flh :-%| KL(LK)'%+%I JKL, /1 =o0,

Il

K I L I Y1 -y_l\/? / _1\/?
fii =——If = , =K2ZL"72==_[—, == =
URPYTH | G 2 2L K Tk

the 3 gia tro L=2, K=200, | =-0.2
fﬁ/L =0.25, f|/</K =0.000025, fﬁ/K =-0.0025. Theivao ma tran Hessian:
ol Jo To
i K| o] 5 0.05
H2 = :;—E 11 | = 5 0.25 -0.0025 =-0.0025<0==>CT.
0.05 | - 0.0025 0.000025
9., a
gk |92 922

Ta col the dung vi phan bac 2:
2 I g2 Il I e 2 — 2 _n-—
d°f = f dL”+2fcdLdK + fdK“ = 0.25(dL - 0.01dK )* >0==>CT.

4.5 Cong ty co nhieu tho trédng tach biet.

Phan nay tong quat hon phan 4.1 va 4.2 6 tren.

Mot cong ty san xuat fioc quyen mot loai san pham, tieu thu tren 3 tho trééng rieng biet. cac ham cau
(Demand) ve san 166hg (Quantity) theo fién gia (Price) té6ng 6ng tren 3 tho trodng

Qp, =Q1(P) =Dy (P, P2, P3), Qp, =Q2(P) =D, (P1.P;, P3) . Qp, =Q3(P)=D3(P1, P>, P3).

Thong théong voi i =1,2,3, R - P Qp (P)~ hay ngddc lai.
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Va ham chi phi C=C(Q), voi Q =Qq +Q5 + Q3. Thong th6ong C=C(Q) la ham bac 2 cua Q, hay la
mot dang toan phddng d6ong tong quat theo 3 bien san 166ng: Q,Q,,Q3 nhd
C(Q)=C(QuQ,+Qn) =Q" AQ+BQ+const.

- Tim so 166ng san pham (Qq,Q,,Q3), cung cap cho tong tho troding fie! [6i nhuan cao nhat doanh thu

(Revenue):
Ri(Q1)=Pi(Q) @, Ro(Q)=P>(Q)" Q. Rs(Qs)=P3(Q3)" Qs.
L6i nhuan (Profit): =R (Q)+Ry(Q,) +Rg(Q3)- C(Q).

3

trong fio doanh thu: R= 8 R (Q; )= Ry (1) + R (Q2) + R3(Q3).
i=1
. Vi P; luon trai dau voi Q;, ve hinh thoc R = RQ; =- Q7 va €(Q)=Q" AQ>0 nen
p=R-C :-Qiz- QTAQ co dang eliptic - le2 - sz2 - zQ% +A® max=A Vvai X,Y,z,A>0: luon
amax.

Ta fionh nghia them mot so khai niem trong toan kinh te: nho sau:
- Bien te chi phi MC (Marginal Cost): MC :C(/? (Ado ham rieng cua chi phi C theo bien san 166ng

Q).
- Bien te doanh thu MR (Marginal Revenue): MR = R(lg (fiao ham rieng cua doanh thu theo bien

san 166ng Q).
DR

. No co dan: eq(P) :%:gg%%g}ﬁ@ Q{Dg. trong fio ham Q=Q(P). Vay eq(P) :Q{Dg.
5

Nen khi tai ién gia P, neu ta thay fioi 1% fidn gia, thi san 166ng cau Q thay fioi theo chieu h6éng
tang hay giam nhdivao fio co dan eQ(p)% doong hay am.

Vi du: tai mot fidn gia P nao fio va sau khi tinh ta co: eq(p) =- 9, nghia la neu ta tang them 1% fion

gia, thi san 166ng cau Q se' giam 5%. Ngooc lai neu ta giam them 1% fidn gia, thi san 166ng cau Q se!
tang 5%.

Vi du0: Mot cong ty ban mot loai san pham véi ham cau: Qp =D (P ): 200- 50P, tong chi phi la
C(Q)=Q+10, trong fio Q la san 166ng, P la fién gia.
a/ Hay xac fionh ham 16i nhuan va tim Q fiel cong ty fiat 16i nhuan toi fAia.
b/ Tinh chi phi bien te MC, va doanh thu bien te: MR, so sanh gi6ia chung.
¢/ Tinh fio co dan cua Q theo P tai P=3.6. Neu tai idbn gia P=3.6 nay, cong ty muon tang fién gia them
1%, thi san 166ng cau tang hay giam bao nhieu phan tram.
Giai:
al Taco: P=4- 0.02Q, ==> R=QP =-0.02Q° +4Q,
p=R-C=-002Q°+3Q-10, P py=-004Q+3=0P Q=75,
p(g =-0.04<0, vay l6i nhuan p Aat coc fai tai Q=75 san 166ng.

b/ ToI C(Q) =Q+10==> MC =C{ =1. To. R=QP =-0.02Q* +4Q
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==> MR = Ry, =- 0.04Q +4, khi Q=75 thi MR=1, luc nay MC=MR.
P 3.6

. P
¢/ Tai P=3.6, eo(py =Qb—=-50——=-50—>°>____=_g
Q(P) = Qb Q 200- 50P 200- 50 3.6

nen khi tai idn gia P=3.6, neu ta tang fidn gia them 1% , thi san 166ng cau Q sel giam 9%.
Vi _dul: Mot xi nghiep san xuat fioc quyen 2 mat hang vOi cac chz tieu sau:

]lQD].:Q].: '2P1 + 1P2+800

, voi Q=Q +@Q,, chi phi:

|
TQDZ = Q2 = 1P1 = 3P2 +900

C(Q )=320Q, +250Q, + 300, tim san 166ng fie' 16i nhuan la toi fa.

T6 he tren, giai ra: |Pp =660 - 3Q1 Q2 , P, =520- % 2Q
voi p = PQ; + P,Q, - (320Q, + 250Q2 +300) =

= 660- 3(531 Q¢ “Q1 2520 Ql 2Q2 qu [320Q; +250Q, +300]
e

3
=340Q; - gQ - ngQz +270Q, - EQZ - 300
(daing eliptic - lez- yQ22+A® max = A voi X,y,A>0: luon &amax)
-6 2 ~ 6 2
pol 5 QU g Q@+30=0U Q@ +7Qp=

4 4
}sz —Q1-§Q2+270 o0 Q1+5Q2—270

<==> Q| =205,

Q, =235, coc tro voding:

A B - - ~
‘ ‘:24 4>Ovau A:€6<O,neanN

Vidu2: Gia thuyet nho tren vai: Qp, =Dy (P ) =80- %

b, =D2(P2)= 80'— Qp, =D3(Ps) = 0'— Q=Q+Qx+Q3

Chi phi:C(Q ) =Q?+10Q+30, chi phi nay chinh la mot bieu dien quadric tong quat trong R® nhé fia
phan tich ban fiau (voa co dang toan phdong, voa co dang bac nhat tuyen tinh, véa co hang so ban
fiau).
Giai:
Nhan thay: v6i i =1,2,3, B - b QDi ~ hay ngodc lai.
Ta cor: Pl =160- 2Q1, P2 =240- 3Q2, P3 =320- 4Q3,
==>  Ry(Q)=P(Q)Q =(160- 2Q;)Q
==>  Ry(Q)=P,(Qy)Q =(240- 3Q,)Q,
==>  Rg(Q3)=P;(Q3)Q3 =(320- 4Q;3)Q;
VOi Q=0Q; +Qy+Q3
p =Ry (Q)+ Ry (Q2)*+Rs(Qs)- C(Q)=Ry +Rp+R3- Q% 10Q- 30
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/
Chuy: (Q2 +100+ 30)Q =2QQ), +10Q), =2Q" 1+10° 1=2Q+10

A
iPo =0 1160- 4Q, =2Q+10=2(Q, +Q, +Q3) +10
:'p(/?2 =0U |124O- 6Q> :2Q+1O:2(Q1+Q2+Q3)+10

in/ —o 1320- 8Q3=2Q+10=2(Q;+Q,+Qs)+10
Tst_

2=
o5

I
o=
([a)

13Q,+Q,+Q3=75  1Q =10
0 {Q+4Q,+Q3=1150 {Q,=20. Xet fiao ham bac 2:
1Q+Q+5Q3=155 {Q3=25

// _ // _ // _ // | _ _
PQ =78 PQ,q, T 8 Poo, ™ 10: Poq, *PQ, TPQ0, T2

&6 -2 -20

H=%2 -8 -24coH;=-6, sz‘:6 :2‘:44>0,
g2 -2 -10§
-6 -2 -2 311

Hy=|]-2 -8 -2|=-2%)1 4 1/=-850<0,nenp CN
-2 -2 -10 115

Vay can soi166ng Q; =10, t66ng 0ng gia la: P, =160- 2Q; =140

Vay can soi166ng Q, =20, toong 6ng gia la: P, =240- 3Q,=180

Vay can soi160ng Q3=25, toong 0ng gia la: Py =320- 4Q3=220

Cach khac: Viet lai d66i dang vi phan:

d%p =-6dQ% - 8dQ3 - 10dQ3 - 4dQ; dQ, - 4dQ; dQs - 4dQ,dQs =
& dQ, +dQ; 92 _38%

.2
0]
= 1O§dQ3 + édQZ +4d—Ql+ - @

5 5 2 19519

Nen p CN tai (Q;=10, Q,=20, Q3=25).

dQ? <0

Vi du3: Cung v@i gia thuyet nhd tren voi:
QDl :Ql =|- 3P1 + P2 +OP3 +130,

QDZ :Q2 = 2P1 - 7P2 + P3 + 220

Qpz =Qg = 0P, + Py[- 5P| +215. Chi phi:C(Q )=Q?- 10Q+30,
Giai:

Nhan thay: v6i i =1,2,3, B - b QDi ~ hay ngodc lai.

p=R-C=PQ+P,Q,+P3Q3- (QZ- 10Q+30)
Ta coithe giai theo P;, P>, P3, roi chuyen vel Q;,Q,,Q3
Q=Q;+Qy,+Q3=-P;- 5P, - 4P; +565

- I _ Al / I _
Q_Q1+Q2+Q3 P Qpl _Ql.P]_ +Q2'Pl +Q3'Pl =-3+2+0=-1,
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I _ / / / / I\

PR T (Plle P +Q1) e T P P (ZQQpl ) 1OQP1)_
(- 6P, + P, +130) + 2P, +OP3 - 2(- Py - 5P, - 4P; +565)(- 1) +10(- 1)
=(- 6P, + P, +130)+ 2P, +2(- P - 5P, - 4P3 +565)- 10
p,’,l =(-8P, - 7P, - 8P; +1250)=0, toong to:

I —pA / / / /) _
PR, ~ PRy P +(P2Q2' P +Q2)+ P3Q3'P2 ) (ZQsz ) 1OQP2 ) -

I _ A / I _
Qp, =Qup, *Qp, +*Q3p, =1- 7+1=-5,

p'/32 = (- 7P, - 64P, - 38P; +5820) =0, t66ng t5:

I —pe / / / e
Pp, =PIQ p, +P2Qz,p3+(P3Q3,p3+Q3)' (ZQQP3 - 10Qp3)-
N / I _
Qp, =Qp, *Qp, *Q3p, =0+1-5=-4,

p|/33 = ( 8P, - 38P, - 42P; +4695) =0, bam may ta co:

..o 229115 _ 215590 _ 422925 o _
giaira: P = , Pp=—nu—,P3= , the vao ta co:
4027 4027 8054

51755 93005 48165 .

=—— Q=———, Qg=——— Xetfiao ham bac 2:
=027 2 " gosa B 04
oo noo_ oo
Ppp =8 Ppp, =64, Ppp =-42,

p =-7, p!l  =-8 p"_ =-38, vamatran Hess:
&8 -7 -84 & .7
H=§7 -64 -38;co Hy=-8<0, H2=‘ >0,
€ y -7 -64

&8 -38 -42§
-8 -7 -8

Hy=|-7 -64 -38=-5566<0,nenp CN
-8 -38 -42

chsong 2: TICH PHAN BOI 2 (KEP)
BAI 1: BAlI TOAN MO NAU

1.1 Bai toan md fiau :
Ta nhd lai rang, tich phan xac fionh hay tich phan fién phat xuat t bai toan tinh dien tich va tich phan
kep lai xuat phat t6 bai toan tinh the tich nhé sau :

Can tinh the tich cua hinh co fiay phang la mien D1 Oxy, fi6dng sinh song song voi truc oz,
mat tren la mat cong xac fionh béi ham
z =z(x,y), voi M(x,y)T D. Ta chia mien D thanh n phan, dien tich moi phan la D( S;), cot the: tich
co dien tich fay
D(Si)" Mi(xiyi), vay ca theitich la:

n n
Vp=a (0S)f(Mj)=a (DS) (X, %)

i=1 i=1
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V= lim V,, void;=dia(DS;) = ban kinh cua DS;
maxd; ® 0

chuy:maxdi® 0 b n® ¥

1.2 Nonh nghéa :
Gibi han tren neu ton tai hdu han (khong phu' thuoc vao cach chia mien D) fi6dc goi la tich phan kep
cua ham z = f(x,y) tren mien D, khi fio ta noi f kha tich tren mien D va ky: hieu no la
00 f (x, y)dxdy

D
Nhan xet :
1)  Theo fiinh nghéa neu f(x,y) =1" (x,y) T D thi OOLdxdy = S(D) (dien tich mien D).
D
2)  f(xy)>0, lientuc " (x,y)T Dthi 3of(xy)dxdy =V (D) la the tich hinh tru col cac fi6dng sinh

D
song song vOi Oz, hai fay gidi han boi z=0, z=f(x,y).
1.3 Tinh chat cua tich phan kep :
Cac tinh chat cua tich phan kep cung giong nho tinh chat cua tich phan xac fionh.
Tinh chat 1 : f lien tuc trong D thi f kha tich tren D
Tinh chat 2 : co tinh tuyen tinh

a) f + g)dxdy = pfdxdy + gpodxdy

D D D
@Kfdxdy = Kgfdxdy , KT R
D D

Tinh chat3 :neuD=D; E D,vaD; C D,= /thi
Of = Df+ B
D D, D,
BAI 2: PHOONG PHAP TiNH TiCH PHAN KEP

2.1 Trong he truc Descartes.
a Mien D la hinh chd nhat :
D=i(xy):aExEb,cEy£Edy=[ab] [cd]
db
f (x, y)dxdy = X f (x, y)dx)dy =

D c a
b d

=Of (x, y)dy)dx
a c
Vay véi mien la hinh chd nhat ta co the'hoan vo can .

Vidu: D=[0,1] [1,2]

12
| = (‘]‘jx2 + y2)dxdy = ddx2 + y2)dy)dx
D 01
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1 3 1
2
:dx2y+y—) dx=dx2+z)dx=§, hoac
0 1 0 3 3

21 2 3 2 3
A < X 1 1 2 8

= x>+ y*)ix)dy = o xy?) =G y2)dy=%+y? =3
10 1 1

a Mien D la mien bat ky: :

X (V) %o(Y)” x

- D=i(xy):aExEb, yiX)Ey £y2(x) y =[a,b]" [yi(x), y2(X)]
b Y=Y2(X)
@f (x,y)dxdy=¢gdx ¢ f(x,y)dy
D a  y=y(x)
- D=i(xy):cE£y£d, xu(Y)EXE Xa(y) ¥ =[ Xu(y), X2(y)]" [c,d]
y=d  x=X(y)
@f (x,y)dxdy= g dy o f(x y)dx
D y=c  X=x.(y)

- Neu D la mien phdc tap thi phai phan D ra thanh nhéng mien fién gian nhd tren

2
£l e —_ wX
Vidul:tinh | =@gy— dxdy
DY
D=D:E D;

Voi D gi0i han boi 3Aiddng sau : x =2 yzé , Y=X

cachl: I =¢gyx (‘)X—dyzg
1 1Y 4
y_X
cach2: =@ +@® ViD=D.ED,vaD:GCD,= A&
D, D
y=2 x=2 2 2
< L X -8 2 _5
@ o0dy O—ZOIXZS,)—'Y?l 5
D1 y=1 x=yy y
1 x=2 .2 1
X -8, 1 .4 8 15
D=0dy 0 —sdx=—+-— =—- =
A O VAT A P AT
2 Ty
b 5,8 15.9
6 3 12 4
Vidu?2:Tinh | = gpxydxdy,

D
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D gidi han boi
2 iBdng y = X — 4 va y* = 2x,
Tinh giao fiilem ta co :
giao iilem : A(2,-2), B(8,4)

y+4
4 X=y+4 4 2 4 6
. . < X 1.y" 83 42 Y .\[4
| = od xydx = — dy==(—+—-y +8y°- — =90
_2y 0 X g(yz y:)y SOty Y- o)),
Xzy7 2

Cach 2 : iioi can danh cho ban fioic coi nho bai tap.
Vidu 3: Tinh the tich khoi, iddc gibi han bdi cac mat z=4-x-y va
23 0, y=x*, y£ 1.

y:_']_ x:+\/§ y:_']_ 3 68
V= @4- x- V)dkdy= 9 dy 9 (4- x- k= o (8Yy- 2yA)dy=
D y=0 x=-.[y y=0
L x=1 y=2 68
Cach 2: Noi can khac: Vo, = ¢ dx 0 (4- x- y)dy——5
x=-1 y= X

Vidu7: Tinh hai tich phan: I=ggxdxdy,

C
c‘n‘)xzdxdy D la tam giac col cac fiznh la
3.2 A
—
A(2;3), B(7;2), C(4;5). B —
Giai: Xem hinh
X=4 y=x+1 x=4 | T

li= O xdx @ dy:(%x3-gx2) =8
x=2 y:%+l—57 x=2

xX=7 y=- x+9 x=7
o= g xdx ¢ dy= ( A3+ 1;' X2) =18
Xx=4

x=4 y—'X+157

Vay 1=8+18=26
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Cach 2: T6 2 bieu thdc I, I muon tinh, fio chinh la momen tinh, momen quan tinh cua tam giac fi/v

i=3
truc Oy. Nen 6 fiay ta co the ap dung cong thdc: ghxdxdy = S, :% A (X Vi1~ Xie1¥i) (X + Xi41)
D

i=1

T 1 2 3 4
X 2 7 2
y 3 2 3

Xem cach bam may nhanh Vinacal-570MS (cuing tac gia) cho cong thoc tren, ta co

I= gpxdxdy = %156 =26, t60ng to: cpydxdy = %120 =20.
D

Tinh J = (‘]‘)xzdxdy. bang cach tach 2 tich phan:

x=4 y=x+1 x=4
hi= g x%dx ¢ dy= (‘)Xz(ex;slz)dngs
x=2 y= 5X+157 x=2
X=7 y=- x+9 xX=7
b= o X% g dy= o x3(~4X2)ax = 429 =>)= 1§6+ 439 =
X=4 y:'5><+157 x=4
=119

Cach 2: Nhé cong thé¢c momen quan tinh:

) B » 1 i°=n 2 2 N
J = @X dxdy—Joy—Ea (i Vis1- Xi+1Yi)g(Xi *+Xj41) - XiXi+1E
D

Bam may tong tren: Jo, = 1—121428 =119, t66ng t0: Iy = 1—12828 =69 ¢
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Phan 2:
Ma tran +He! phdong trinh, Nonh théc, KGVT.

CHOONG 1
MA TRAN-HE PHOONG TRINH TUYEN TiNH
BAI 1: MA TRAN
1.1 Nonh nghéa:
Mot ma tran mxn la mot bang ché nhat gom mxn phan t6 nho6 sau:
éa_']__']_ a12.... aln l;l

A

u

_ @ ar.... don e
A_ga HI Mmn(R)

& 0

8m1  3m2-- 3mnl
Tacocac ky hieu: A=[a;] i=1,.m, j=1,.,n
- Hai ma tran A va B bang nhau, ghi la A = B, neu chung co cung dang kich thééc va cac phan to
t00ng Ong bang nhau.
- Trong tr66ng hdép m=n goi la ma tran vuong, va neu trong ma tran vuong ma co tat ca phan to fieu
bang 0, ngoai trdi cac phan t6 tren fidéng cheo chinh bang 1, thi ta goi fio la ma tran fién vo.
. Ma tran chuyen vo A" fid6c xay déng t6 ma tran A, bang cach fioi hang thanh cot cua A.
€1 @y @my U

e u

_ ealz a22.... am2 s
T Mpm(R)

& l;I

@1.1 a2n.... am’ng

a, €—o6——0
Ay Ay M 0
ag) azg ag 0

I I N O 0
any anp apz I apy

c/

AX + 2z+wu é3 5
Vidul: Timx,y,z,w sao cho: S y E: €3 Su
gX-y zZ-w SL 4

o

Ta fiddc he phdbng trinh:
X+y=3;x-y=1, 2z+w=5; z-w=14
Nghiemcuahelax=2,y=1,z=3,w=-1.

T
Vidu 2: hien nhien ta co (AT) =A

1.2 Cac phep toan tren fiai so ma tran:
ChoA,B,C,0 T Mp,, a, bl R
Cong: C=A+B U [Cij 1= [ai,- 1+l bij ]
Nhan vo hodng: a A =[aa; ]| Mmn,al R.
n
Vet cua matran vuong AT M, tr (A) = & &
i=1
Ta col cac tinh chat sau:
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Q) (A+B)+C=A+(B+C)
)] A+0=A
{n) A+ (-A)=0
(V) A+B=B+A
(V) a(A+B)=aA+aB
(Vi) (a+b)A=aA+bA
(v (a. b)A=a(bA)
(V1) 1L.A=A

Vay tap cac matran 1 Mpma(R) co he so thoc, la mot KGVT tren R.

Nhan ma tran vOi ma tran:
Gia sl [aij] va [bij] la cac ma tran sao cho soi cot cua A thi bang so dong cua B nghta la Am va By n.
Khi fio tich cua ma tran A va B, ghi la AB laima tran m x n ma so hang c;; thu fi6dc bang cach nhan voi
hodng vetd dong thdi i cua A vai vetd cot tho j cua B, cu the:

P
Cij =101j +@bp) +...+ @ by = A &by
k=1

S6 fio nhan ma tran:

Vidul: S6 fioinhan ba ma tran:
[ A(2,2)* B(2,3) ]*C(3,2)= D(2,2) nho hinh ben dbdi:

él -1y 51 1 -1y éO Zl;l
A=g @B=g aCc=51 1!
2 14 & -1 15 ¢ u
el -1y
0 2
1 1 -1 1 1
2 -1 1|-1 -1
1 -1|-1 2 -2 4 2
2 11 4 1 -1] 2 10
_ 4 20
ma tran cuoi D(2,2):g4 E
& 10g
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Ta co the viet fioan ma Pascal tich 3 ma tran
[A(m,n)* B(n,p) ]*C(p,q)= D(m,q) nho sau:
Khai bao dimension A(m,n), B(n,p), C(p,q), D(m,q)
for i=1,m do begin
for j=1,q do begin
D(i,j)=0;
for k=1,p do begin
for kk=1,n do begin
D(i,j)= D(i,j)+ A(i,kk) * B(kk,k) * C(k,j);

end
end
end
end
4 .
viduz: c=5 %irop=5 “fiop cp=o=5 j DC= SO o
& of &l of ® o & o
To Aay ta thay rang, trong ma tran neu co CD=0 -4 (C—O hay D=0).
€© 0 2u €l 2 4 €0 0 Ou
o _ u _ u — u
Vidukhac C=g0 -2 Ly 0,D=8 0 0 0P CD=2 0 OG-
g0 1 -1y g 0 oy g 0 0oy
Vi du3: Nac biet nhan 2 ma tran hang va cot, ket qua la so thdc:
ec U
€,
[m h L hn]g232*"101”‘202”‘3("/3,+|—+hncnT R
é u
&n i

giong nho tich vo hédng chinh tac fia biet 6/ 16p 12 pho thong.

Tinh chat tich ma tran:

1/ Al =1, A voi AT Mnp, InT M, (ma tran fidn vo cap n)
2/ A(BC)=(AB)C

3/ A(B+C)=AB+AC, (B+C)A=BA+CA

4/ Tong quat ta khong co AB=BA.

Vidu 4: Lay lai vi du tren fie kiem tra sé fio. nhan A(BC)

0 2
11
v w1 . 60 2 1 -1
- e - A -
a=g - aCc=21 1l 1 1 1] 2 a4
© 107 1 e u
g1 -1§ 2 -1 1]-2 2
1 -1 4 2
2 1] 2 10
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4 2

ma tran cuoi A(BC)=D(2,2) = 84 Eso sanh voi vi du' 1.

& 10g

. Luy théama tran: AT Mu(R), ta ky hieu nhé sau:

AV=1, A1 A, A2=AA, AM =AM 1A,
€ [1] od © o [ © 0 Of
L e 2 _ 2 a
Vidus: A=&0 0 Iu A2=0 0 ou, >=80 0 05=0
i € ;
8 0 OEI g.o 0 oy €0 0 Of
Vi du6: Cho matran A vuong cip 2007 ma phan tir & dong thi i la (-1)i i, thi phan tir & & dong 2 cot
3 cua A? la:
2%07 i
28 (-1) i=2¢-1+2)+(-3+4)- ....... (- 2005+ 2006) - 2007=
1
€2006, u
=2 1) - 2007;,= - 2008
g2 ) d

Nonh ly: Giasé A, BT Mu(R), va giao hoan fisdc, nghia la AB=BA. Khi fio:
1/ (AB)™ = ATB™,
2/ A™- BM=(A- B)(Am'1+Am'zB+Am'3BZ+L+ Bm'l).

i_

, I
3/ (A+B)"= 8 cl amigl ¢l =M
(A+B)7= 4 Cm ™ im0y

o I

Nonh ly: AT la ma tran fi66c thiet lap t& A bang cach fioi dong thanh cotvay: AT Mna(R), va A"
T Mnm(R)). Ta co cac tinh chat sau:
. T T
i/ (A ) =A.
il (A+B)" =AT +BT.
iii/ (AB)' =BT AT .
BAIl 2: HE PHOONG TRINH TUYEN TINH

2.1 Nonh nghéa:
He phdong trinh tuyen tinh la hel phédng trinh co dang
tong quat (m * n):

1891% +3go%p +K+ay, X =by
|
[ap1X) HagXy tK+ag,x, =by

1 7
(HLLLLLLLLLL

tam1Xq +amoXo +K+am, X, =by,
Trong fio:

U Ay nx=b
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éa;; ap L apu
é a
a1 axn L ayy

(20 Ayn=L O O L Ulamatranheso cua (1),

e u

@L O O L G

8mn1 an2 L anph
equ  ebu
ex u €y, U
1:§ 2li|; bm =€-u
eLq eLu
e u u
éXnl mQ

éa;n L a5 | bu
3 Amwmy=el L L | Lg=gAby=[Ad,
@m1 L amn | bmi
la ma tran moi rong cua he (1).
He nay co m phéong trinh tuyen tinh, n an so X, ....., Xn.
He fi6oc goi la thuan nhat neu cac hang soib;, ..., by tat ca bang 0.
2.2 Nghiem cua he phodng trinh tuyen tinh:
Bo (X1, X2, X3,.....Xn) QOi la nghiem neu chung thoa man he (1). Giai he (1) la tim tat ca bo
nghiem tren.
Hai he phddng trinh tuyen tinh goi la tdéng fidéng neu chung cung chung mot tap nghiem.
Chu y he thuan nhat luon col it nhat mot nghiem tam thééng la (0,0,...,0).

2.3 Cac phep bien fioi s6 cap (PBNSC) tren dong cua ma tran:
Phep bien fioi sd cap tren dong (PBNSC) cua ma tran gom:

1/ Noi cho 2 dong cho nhau.

2/ Nhan mot dong voi mot he so khac khong.

3/ Cong vao mot dong voi mot dong khac sau khi fia nhan vai mot hang so.
AT Mua(R). Mot PBRISC e tren matran A fie fiodc ma tran A/, taky hieu A%5® A'.

~ ~ /
Nhan xet: Neu e la PBNSC bien A thanh A/, thi cung co PBNSC €’ fiel sao cho A Y@ A.
Nonh nghia: A, BT Mmna(R) Ad6c goi la tvdng AGdng dong, khi A col iddc td B qua héu han
mot so PBNSC. Luc fio ta ki hieu A ~ B.
Nonh nghia: Mot ma tran vuong S fi6dc goi la ma tran so cap khi co mot PBNSC sao cho
| %.5%® S. Khifio'ta viet S = e(l).
gl 0 2@
Vi dul: S:SO 1 03 la ma tran so cap vi | % %7%p s
0 0 1
- Menh fiei AT Mmna(R) (khong can vuong). e la Mot PBNSC. Khi fio:
AYS® AT Mpnva |, %% ST My, thi: A'=SA.

&l 1 20 & 5 80
Viduz: A=g4 3 23,A3/4%+32d§/® A=5 3 2!
B 2 34 g 2 34
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él 0 20
sl-go 1 Ou la:ma tran sb cap vi | AN S
CUNY 1EI
€3 5 8u €l 0 2uél 1 20
A’:g4 3 ZB:SlA:gO 1 0824 3 Zg.Tiezptu'c, hoan vo dong 2, 3:
g1 2 34 €0 0 1g&l 2 3§
€ 5 8u € 5 8u
AN=% 3 2Unh9be A= 2 3 1%%Y%Ye s,
gl 2 3y ¢ 3 24
€l 0 Ou él 0 Ouél 0 2pél 1 24

_é a I _ & Ué aé
$=50 0 g Vay A =0 0 1920 1 Ol;é4 ,
g 1 oy €0 1 Ogé0 O 1gg1 2 3§

A=S 1 2“ A/ﬂ/ﬁd@/@ A= 83
81 &1 2 3j

1= 20 Ia ma tran s6 cap vi | 797 %0 S; . Hay thu lai:

3 23:3231A

Vi du3

,e358uSe12ue112u
& 2 g 10§ o ol

- Hequa: A, BT Mnn(R). A~ B khiva chz khi ton tai cac ma tran s6 cap Si, Sz, Sa,....,

cho: B= Sk Si1.... S,. 51 A
Do A%I® A % %@ A, %P@ AL %:%® A =B

ta co AL = S1A, Ay, = S,A;, Az = S3A,,..... .. ., BEAL = SKAK1,

suy ra fipcm.

. Chuy: Neu e la PBNSC tren cot

AT Mna(R) (khong can vuong). e la Mot PBNSC tren cot. Khi fio:

AYS® A’T anva* |, %% ST M, , thi: A’=AS,

1 2
Vidu A=§ 374371°§+5?1® N=5t
g3 &1 4g
ou. . 1 0o
=& E%%@I%@S =£ ﬂ
&0 1f &1l 1g
1 2 2061 OO
Hay tho lai: A= e E— _¢ Ee E
&1 af “& 4081 0

2.4 Nonh ly ve cac phep bien fioi s cap:

Nonh ly: Sau héu han cac phep bien fioi s6 cap tren he (1) ta thu fiddc he tédng fivdng.

Chdng minh fionh ly nay kha fidén gian.

Vidul:
.‘I.X1-3X2-X3+2X4:3 él -3 -1 2 3u

He {3xy +5Xy +9X3- 4%, =-8, 23 5 9 -4 -8,0 L®
Lax, - 3x,+5xg+7x, =14 @4 - 5 7 14§
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¢ u
é -3 - 1
él -3 -1 2 3u él 3 -1 i ;’(J
0 9 9 -1 2%9&% 1 1 = “u
€ u- e 9 9u
g) 14 12 -10 -17E| (:g 76 -181@
© 0 -2~ =
é 9 9 0
i
| Xl- 3X2- X3+2X4 =3
|
Vay he fiau t66ng A6ong: { OXp - 9X3- X4 =2
: - 2X _7_6X —_@
i 37 9™ 9

va ta tim nghiem tren he fién gian nay de dang hén nhieu.
Vay sau hou han cac phep bien fioi so cap tren tran An n, ta thu fi00c ma tran t66ng A6GNg, Ma
dang cua ma tran sau cung A’ co dang bac thang ( nhding hel so khac zero tao thanh bac thang rut gon

).

Nonh nghéa ma tran bac thang: R T Mn, o(R) fiédc goi la ma tran bac thang rut gon neu cac fiieu kien
sau fiay 6o thoa:

i/ Cac dong zero (neu co ) phai 6 ben dodi cac dong khac zero (neu col).

ii/ Phan t6 fiau tien khac 0 tren cac dong khac zero (neu co ) laiso 1, va ben d6di cot cua so: mot nay
tat ca fieu bang 0.

g1 o
é ,u
0 1 "y
Vi du: ma tran bac thang co dang nho sau:€g9 0 1w U
é a
g0 O MW Og
& 0 o of
Nonh ly: Moi ma tran fieu tddng A6dng dong vdi ma tran co dang bac thang rut gon duy nhat.
e0 2 -40 é1 -4 50 é 0 3
é a é a é a
&1 -4 57 20 2 -43 D 1 -24
Vidu2: A=é3 1 70® € 0 5 -10U® €0 0 0u=B
é a é a é a
@0 5 -105 &0 -11 22, O 0 Oy

€2 3 O €0 -5 104 &0 O OH
B la la dang ma tran bac thang rut gon t66ng i6ong voi A.
i Ox +2y -4z=0
-': -1x -4y +5z=0
Bay gi0 neu goi X, y, z la nghiem cua ? 3x +1ly +7z=0 thi chung cung la nghiem cua
: Ox +5y -10z=0
T 2x +3y +0z=0

i1 +3z=0 D
:, X Z= va nghiem nay Ia:% y=2t
i 1y -272=0 1

(2=t

Luc nay ta fionh nghda hang ma tran nho sau:
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Nonh nghéa hang cua ma tran: ~ So hang khac zero cua ma tran dang bac thang rut gon cua ma tran
A i6dc goi la hang cua ma tran A. Ky hieu la r(A), fioi khi con ki hieu la rank(A).
Ngd60i ta con fionh nghda hang cua ma tran la bac 16n nhat cua mot fionh théc con nao fio khac zero
(Addic trich ra tol A, k hang, k cot bat ky va moi fionh thoc cap k+1 trdl fii fieu bang 0). Ta co the chdng
minh hai fiocnh nghéa nay la t6dng fiudng.
€ 1 5 6u
083230
C U co hang la 3, vi lay lar ma tran bac thang choa rut gon, va moi ma tran
e 0 1 5u
& 0 0 0 0f
bac 4 fieu bang 0, vi chdéa hang thdi to toan bang 0. Vi du nay cho ta thay 2 fiocnh nghda ve hang 6/ tren
la td6ng NGONG.

AN D

Menh fie: AT M, n(R) khi fio:

i/ 0<r(A) <min (m,n).

ii/ Neu A~B thi r(A) =r(B).

i/ r(A) =0 <==> A=0.

iv/ r(A)=r(A")

2.5 Nonh ly Kronecker-Capelli:

Nonh ly: He Ay ,.x=b (1), trong fio: [ A¢ = gA| b, ta co cac ket luan:

a/  Tacohoac r(A) = r(A) hoac r(A)=r(A) +1.

b/ (1) co nghiem khi va che khi r(A)= r(A), cu the:
Neu r(A)= r(A)=n, (nla so an) thi he co nghiem duy nhat.
Con neu r(A)= r(A") < n, (n la so an) thi hel co vo: soi nghiem.

V/0i so an td do la n - r(A)
c/ r(A) < r(A)=r(A) +1, he vo nghiem.

Vi dul: D&a vao fitnh ly Kronecker-Capelli, xet vo tri todng fioi cua 4 mat phang trong R*: chz rol cau
truc nghiem cua he phédng trinh neu co:

(Diagx+by+cz+d; =0

(2)j apx +byy +Cyz+dy =0

(3){ agx +byy +cgz+d3 =0’

() agx+byy+cyz+dy =0

éa; b cU gal by ¢ |-dqu

a a

fatA=62 P2 C2q [Alb] _g2 D2 G20
€3 by c3U €3 by c3|-dgzu

e i e i

4 by ¢y €y by cy|-dgq

Do soi an it hén so phddng trinh nen khong bao gidi co

r(A)=r([Alb])=4. Vay chz con cac tr6dng hop sau:

1/ r(A)=r([Alb])=3, $! nghiem la mot fiiem (Xo, Yo, Zo).

2/ r(A)=3 < r([A|b])=4, vo nghiem. He suy bien thanh ba mat phang (mp) cat nhau, va co mp (4) //
vOi mot trong ba mp tren.

3/ r(A)=2 = r([A|b])=2, vo so nghiem. Heisuy bien thanh hai mat phang cat nhau. Nghiem nam tren
fiddng thang giao tuyen.
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4/ r(A)=2 < r([A|b])=3, voi nghiem. He suy bien thanh hai mat phang cat nhau, va co mot mp //
vOi mot trong hai mp tren.
5/ r(A)=2 = r([A|b])=4, vo nghiem. Heisuy bien thanh hai mat phang cat nhau, con hai mp // voi mot
trong hai mp tren.
6/ r(A)=1 = r([Alb])=1, voiso nghiem. He suy bien thanh mot mat duy nhat, con ba mp kia trung voi

mp tren.

7/ r(A)=1 < r([A|b])=2, vo nghiem. He suy bien thanh mot mat duy nhat, va co mot mp // vi mp
tren.

8/ r(A)=1 < r([Alb])=3, voi nghiem. He suy bien thanh mot mat duy nhat, var co hai mp // voi mp
tren.

9/ r(A)=1 < r([Alb])=4, vo nghiem. He suy bien thanh mot mat duy nhat, va co ba mp // vbi mp
tren. (2

1X1-2Xp- X3 +X4=2
Vidu2: Giai he: |1 3Xq - 6Xp - 4X3+2X4 =4<==> Ax=Db (1)
¥-x1+2x2+2x3 =0
1 -2 -1 1 -2 -1
Taxetcap3:|3 -6 -4=|3 -6 -4:1‘; :j:o
-1 2 2 0 0 1

Xet fonh thoc cap 2: ‘ 10, nen rank(A)=2. Xet ma tran mdé rong A’ ta co:

1 -2 22 1 -2 2

3 -6 4=3 -6 4:2‘1 '6‘:0,

-1 2 0 [0 0 2 )
=> r(A")=2=r. Vay hel co nghiem (co 2= n -r = 4-2 bac to' do)
I X1- X3 =2+2X3- Xg

==> X1=2Xp -2X4 +4 X3 = -X4+2,
’:‘3X1- 4X3 :4+6X2- 2X4 ' ? ) : )

é1 -2 -1 1|20 el -2 0 2|4d
Cach2:53 -6 -4 2(4® ..® 0 0 1 1|24=>ketqua.
&1 2 2 0|0§ & 0 0 0|0
Nhan xet: ( X1, X, X2, X4) =(4.0,2.0) + x5 (2,1,0.0) + x,(-2.0,- 1.1), ta
e (0 e ) 155555 2{55555Q 4155555555)
(0) N@) NE)

co x(% laN° cua Ax=b, con x?, x@ la N cua Ax=0, hay kiem chong!
Vidu3: Giai vabien luan he phtdng trinh theo tham som:
IX+y+z=m
J[ X+y+mz=1
: X+my+z=1
fmx+y+z=1

é1 1 1|lmu €l 1 1 ma
é g @ a
gl 1 m) 15- e 0O m-1| 1-mg
e Um € a | s .
el m 1 1a®§0 m-1 0| 1- mg® Neu m-1=0 thi
é U e 2U
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(;el 11 1@
®§O 00 E@ He co vo so nghiem
€ 0 Ofou
© 0 0|0
Neu m-11 O thitiep tuc bien foi.
el 11 mu €l 0 1| m+10 €é1 0 0| m+2u
®§o 10 '13...®go 10 -13@20 10| -1
€ 0 1| -1W0" & 0 1| -10 é&@ o0 1| -1
© 1 1|1+mg & 0 0|m+35 & 0 0|m+34
Tom lai: -m*1 vam ! -3 hevo nghiem.

- m =-3 heduy nhat nghiemx=y =z =-1.
- m =1 helvo so nghiem.
Vidu4: Giai va bien luan he phédng trinh theo cac thong soi a,b:

i bx +ay +z =1
|1(2b- Dx +ay +3z =1
1 bx +ay +(b+3)z=1
Giai:
z X
Y él a b 1a
é¢ 1 a b 1u & G
& g => 2 -2a -b-1 -2
~ 3 a 2b-1 17 e u
€ u g0 a(-b-2) -b(b+2) -b- 24
g+3 a b 1y
él a b 1u él a b 1u
- a _ a
albt -2: => 8 2a b+1 2(J => 0 -a -b -1@
g -a -b -1 g0 0 -b+1 0f
él1 0 0 0Ou
— a
—>SO a b 10

€ 0 -b+l Of
bt 1,at 0:=> N°=(0, 1/a, 0) duy nhat nghiem.

z Yy X zZ Xy
b=1 el a 1 1 el 0 Ou (A)=2=r(A)<n=3
=1 => @A u =>é a,r =2=r <n=
Q -a - 1 - 1(J 8 1| a 1(J
g0 0 0 oy g€ 0 0 Oy
==>V/0 so N°, khong gian nghiem la fidéng thang.
z Yy X zZ X y
el a -2 1l él -2 a 1o .
b/ b=-2: ->SO oa -1 297 & _1| 25 U r(A)=2=r(A)<n=3
a L& a
g0 0 0 og g0 0 O 0Oy
==>V/0 so N°, khong gian nghiem la i6éng thang.

Tom lai:
-b11,bt-2,at 0:=> N°=(0, 1/a, 0) duy nhat nghiem.
-b11,bt-2,a=0:=> Vo N°
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- b =1, Voiso N°, khong gian nghiem la fiséng thang..
- b =-2, Vo so N°, khong gian nghiem la fié6ng thang.
Thatrataco 23=8 tr6dng hop, rut ve: ® 6 trodng hop sau, nhong thu ve: chz co 4 trodng hop tom tat

0 tren:

1/ a=0,bt 1,bt -2
2/ -- b=1

3/ -- b=-2

4/ at 0,bt 1,bt -2
5 -- b=1

6/ -- b=-2

¢ b a 1u
Cach khac: Az?b-l a 3 ;(xem chddng 2, tinh finh thoc)
€ b a b+3j
b a 1 b a 1
2b-1 a 3 |=|-b-1 -2a 0O=a
b a b+3 |op-p? -2a-ab 0
b det(A)=- b%a- ab+2a=-a(b+2)(b- 1). Tathe cac gia trd b=1,
b= -2, a=0 vao phodng trinh va ly luan t66ng t6 nho tren ta se co ket qua tédng to.

“b-1 -2
-2b-b% -2-b

1Ix+y+z=1
- - - A A I
Vi du5: Giai, bien luan he phédng trinh theo thamsoi | : { x+1 y+z=|
i
Tx+y+|z=|2
Giai:
4 11 10 é1 1 1 ju €l | 1 | O
é a_é ua é a
a1l 1 1 1g®d 1 1 13> -12+1 1-1 1-12%; a/l 1
= = © @ a
81 11 125 & 11 125 @ 1-1 1-112-1 g
él I 1 la él I 1 (V!
& a__é a
0 1+1 1 1+ 5> 1 -1 -lg=>
g0 1 -1 -lg € 1+ 1 1+1§
é1 | 1 | u
é a
> 1 -1 -l g
0 0 1+2 (I +1)2
} 210
. + | +1
val t-2:=> N° duynhattnghlezm:lx:-I 1,y: 1 ,z:( );,
i | +2 | +2 I +2 ¢
f b
| =-2:-->VoN°
el ! 1 I g1 1 1 13
¢ 2 2U_é U no
b/ =1:-->e&0 -1“+1 1-| 1-1 =0 0 0 OyN las mp.
é U & -
&0 1-1 1-112%.1 5 & 00 0f

PDF created with pdfFactory Pro trial version www.pdffactory.com



http://www.pdffactory.com
http://www.pdffactory.com

40 Nei c66ng On thi cao hoc, TS.GVC Nguyen Phu Vinh

d 1 1u
. A_© a 1 3 _ 2
Cachkhac: A=zl | 1P det(A)=17-3 +2=(1 -1)°(I +2)
gL 1 1§
él 11 1o é1 1 1 1
_q1..< 6 a_é a 04
| =1-->2 1 1 1@_é 00 O@co.N la mp.
g 1 11§ €€ 0 0 Of
61 -2 1|-20 & -2 1]-20 & -2 1|-2u
- Ug 6 U € a
l=2->22 101 1@®é -3 3 -3@®é -3 3 -3@
€1 1 -2| 49 & 3 -3 6§ & 0 0] 3§
--> Vo N°.

-1t -2val 1 1, duy nhat nghiem.
2.6 Phobng phap kho Gauss:

Ne giai he phoéng trinh tuyen tinh, ta dung cac phep bien fioi sb cap, ida he ve: mot he mdi t66ng
fiddng co dang bac thang, sau fio dung fionh ly Cronecker-Capelli fie. xem hei co nghiem hay khong?
Neu co ta tim tap nghiem bang cach thei té dodi len tren fie giai.

Vidul: Giai he phoong trinh:

1X1+2Xp +X3=1

.1 2X1 +5X5 + X3 =6 , ap phep bien fioi so cap vao, ta co:
{- X1 +4Xy +2X3=2

.‘I.X1+2X2+X3:1 .‘I.X1+2X2+X3:1 .‘I.X1+2X2+X3:1
|12X1+5X2+X3:6 ®|l X2 -X3:4 ®|l X2 -X3:4
Loxg+ax,+2x3=2 1 +6x,+3x3=3 | +9x5 =-21

Ta thay ngay r(A)= r(A’)=r=3=n (co duy nhat nghiem),
thei t6 d6di len tren ta colhel duy nhat nghiem: x= a%; §—79
€3 35
Trong qua trinh bien foi ta chz tinh toan tren cac hei so nen bat fiau té Aay, fe tien ta chz bieu dien ma
tran mdirong cho cac phep bien fioi s6 cap ma thoi.
Vidu2: Giai he phoong trinh:
11X +2X5- X3 =3 éL 2 -1|3u é 2 -1| 3u

g +xp+2x3=1 % 1 2 [1de % -7 6 |-1le
12x,- 3x,+4xg=2 & -3 4|24 g -7 6| 6§
e 2 -1 30

® 20 -7 6 118!3 hel tren vo nghiem r(A)=2 < r(A)=3. ¢

0 0 07§
.‘I.X1+X2+X3:6
, ) - R R ':'2X1-X2+X3:3
Vidu 3: Giai he photong trinh:
'I'Xl- X2+2X3:5
¥3X1' 6X2+5X3:6
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gl 1 1 6u é 1 1 6u
é a a
_ & 11039 & -3 -1]-09
Ta bien fioi: € U € U, fioi vo tri Xo VA X3
& -1 2|50 & -2 1|-1u
& -6 5|60 D -9 2|-128
X1 X3 X3 X1 X3 X
él 1 1 6l;| gl 1 1 6l;| gl 1 1 6@
a a a
®go -1 -3)-95. 0 -1 -3 '9a®§0 -1 -3|-94
&€ 1 -2|-10 & 0 -5|-100 é@ 0 1| 2d
8 u é u é u
&0 2 -9|-125 & 0 -15|/-305 & 0 00y

Ta thay ngay r(A)= r(A’)=r=3 = n=3 (co duy nhat nghiem), x, =2,
é6L 1 1,60 e 0 -2|-30 é 0 0f1d

8 u é u u
go-l -3 -9@®§o-1 -3 -9@®§o-10-3@
€ 0 1|20 é 0 1|20 é&@ 0 1| 2u
0 0 0|0 @ 0 o|lofg @ 0 o|oy

==> X3 =3, X1 =1,
él 1 1 1 1 éb u
é a & U
€3 2 1 1 -33 &y
Vidu4:Chohe: Ax=b<==>€ 0 -1 2 -1 204x=ébu(l)
e a u
g3 1 -1 -1 - 9@ &y
g6 -7 4 -5 129§ gosH
Tim fiieu kien cua b fiel (1) co nghiem, tim cau truc nghiem cua (1). Sinh vien hay kiem chéng ket qua
sau: cau truc nghiem la

(30,2 %5, x4, %5 ) = (gt th55%555%’55553”5555%’55?%355&5’!555})

+X,(-3,6,1,-4,0) + x 2.-2.0.1), trong fio: b, =- 3by +2b,, b = 3b,- 2b,, taco x? la N° rien

4Eh8deit Q) X6 (22 2,04)  trong flor, =- 3oy + 2y, b =305 - 20y, tacol x :
<) «(2

cua Ax=b, con x;x + x:x(?) 1a N° tong quat cua Ax=0, trong fio : x@, x@ la2 N° rieng NLTT cua

Ax=0, hay kiem chong!

Chu yi co thel co nhieu fiap soi bieu dien khac nhau. ¢

Nonh ly: Tap boi (X1, X2, X3,.....,Xn) cua he thuan nhat tao thanh mot khong gian vectd.
Chong minh danh cho Hoc Sinh.
2.7 Nghiem cua he thuan nhat:
Xet he thuan nhat:

181X +apXp + K +ay, Xy =0

Iax+ax+K+ax €0u
[ d21X1 TaAppX) 2n’n — & U
4)] Am X=0=

()LLLLLLLLLLLL 0 n ga

famixq +amaxp +K+agnxy =0
Nonh ly: Mot he thuan nhat cac phédng trinh tuyen tinh vdi so an nhieu hén so phééng trinh (m < n),
co mot nghiem khac 0 (nghiem khong tam th66ng ). Khong gian nghiem la: mot khong gian con cua
R".
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Do ap dung fionh ly. Kronecker-Cappeli ta luon co r(A)= r(A) <n.
Vi A =A ==> r(A)= r(A") £ min (m,n) =m <n.
2.8 Ma tran nghich fao:
Nonh nghias:
i/ Ma tran vuong A™ goii la ma tran nghich fiao cua AT Mq(R)
neu AA'=AA=I,
-1 k
ii/ A kha fiao, k la la so nguyen dédng, ta fionh nghia: (Ak) = (A' 1)
&3 4 6u él 2 2
IR _é a ,_¢& a
Vidul: A—éO 1 1u B—é-2 0 -30
g2 -3 -4y g2 1 3§
. é-3 4 4
ta co: AB=BA =I, nen A"3 =(A'1) =(B)*=§20 -20 -34!
g12 22 21y

¢13 172 2524 L €3 4 -4y
Hay A=812 15 22 Up (A3) =820 -209 -34
g;z 114 -167§ §12 22 21§

Nionh ly: Neu A, BT M, (R) la nhéing ma tran kha fiao thi:
i (A'l)-le, (CA)'lz%A'l, ¢10 (1R).

2i/ (AB) 1 =B"1A"l

3i/ (AT )'lz(A'l)T

Vidu2: AT M, Vi |Al* 0, tim ma tran nghich fiao cua A. Biet

“ +3l, +3l, . A+3l
A2+3A- 21, =00 AR O AF3NL0, | a1 AFSl
&€ 2 & 2

écosx -sinxu écosx SnxC
Vidud: Voi P=g @ thi Pi=pPT =3 0
g&inx  cosx (j & sinx  cosx(
écosnx - Snnxu . é cosnx smnxu
=g’ gva P "=g G- SV hay kiem tra.
gsinnx  cosnx (j & sinnx cosnx(

éA | Bu 1_ &J |[Vu
Vi du4: Tim nghich fiao ma tran khéi P, véi A, D la 2 ma tran vuong, [P = & Du’ thi P " =g Zu,
e é a

voi fik:A val(D - CA 13) khal fiao. Thi
-1\ 1 1 A \
Z :(D- CA B) , Y =- ZCA" —, E ma tran fién vo.

U=Al-AlBY Vv=-A1Bz,tadungPBDSC fie chiing minh:
BIE Ou_ ¢ Al | Al Ou
D| 0 Eu §C D| 0 EEI

éA
Viet lai:
&
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é AlB| Al ot & alg| Al ol
® € 1 1 U@ & 1 u
€ D-CA’ B‘-CA E4 & I‘-ZCA ZEY
g aAlg|Aal ou ¢ aAlg|lal-alpy -aAlgzu
® & | 1® & | ac
g0 | | Y Zg g0 | | Y Zy

Ong dung: Tuy ma tran P co kich thé6c 16n, nhdng neu A, B, C, D co kich thédc £ 4 thi ta co the dung

may tinh Vinacal-570MS fie tinh nghoch fiao mot ma tran pl M- nho sau: p= é—N—:E trong fio:
&€
O 3% 4 0 0 s 7 8
= 0 M-8 9 5 -5Ed: -5 OE
9T 9 -7 8 0 0
-4 8
5 9 0 3
0O 7 0 -3
7 0 -9 7
3 9 .4 gHTatimp™theou,v,y,znhd cong thdc 6 tren. Bam may Vinacal-
5 6 7 8
5 4 -5 0
8 4 0 O

3 4 5
- 570b

-3 6 7

6 -8 3

3 4

5 7

-3 6

Vay p= -6 -8

0 O

9 -5

9 -7

R .1 _€éujvu
570MS fe'tim: p ~ = Qs
&Y | 0

ta co cac ket qua sau:
Vao do lieu Phep tinh trong may:
a® A, b® B, c® C cA B =Ans
vao d® C C Ans I Ans
Vao lai c® C - AnsC.A" ' =[y]= Ans
Ao A lB.Ans=[u]
Goii lai CA B =Ans
vao lai d® C (C- Ans) t=[7]= Ans
A 1B.Ans=
+.02558996939 -.007551767397 -.01229225336
= &.08911661385 -.02802652057 .01338790535
03204989561  .08191518749 -.07316809409
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106077997755 .03531813624 -.03737055716 .04874101644 |

1019322193 .06809725267 -.02447797321 -.003937335289
1943687315  -.2026134746 .006990222436 -.06203466756

5-.2613716872 1918852650 .04989510095 .04635154997 |
1055980551  -.0871006920 -.0029668475 -.07339936831

. 05911016262 .00068289824 .02110192880 -.04276413227
0321234867 .0329554301 .02801339445 .009197277785
5-.07996159374  .01494619043 -.04299989484;

V= 003733329593 -.06928648141 -.00509269008

-.00238972048 .00042655735 .04113166336
.00930440410  .07080809797 -.07867667123

12 -2 1 5 3
Vi dub: Choa:=§1 0 1E, b:z%-lE, c=[-1 1 5], d=[3]

1 20 1
s .. R
tim ma tran y =- zca vmzz(d-ca b)
22 -2 1 3
. 1 01 -1 ,
Ta xep chung lai thanh ma tran bac 4: g:= 1 20 1 , bam may
1 15 3
23 7 4 2
5 5 5 5
-4 -1 8 1
» 1825 25 25 25 é-7 -33 -11y
neico:g = Va = 7
; 8 27 9 -2 Y &s 5 254
25 25 25 25
-7 38 -1 8
25 25 25 25

Menh fie: Neu AT M, (R), cac phat bieu sau la t66ng Aidong:

i/ A la ma tran kha fao.

i/ A~I.

i/ r(A)=n.

iv/ A lartich hdu han cac ma tran so cap.

2.9 Ong dung phep bien foi s cap fie tim ma tran nghich fao:

Vi fiac tinh cua phep bien fioi s6 cap, col the bien fioi ma tran vuong thanh ma tran fidn v neu ma tran
vuong fio khong bo thoai hoa, 16i dung fiieu nay va do tinh chat ma tran nghich fido A.A'=1,= AL.A,
ta co the sé dung cac phep bien doi ng6éc lai fie bien ma tran fién vo thanh lai ma tran ban fiau va fiao
lai nho so fio sau.

(All))eLL® (In A'l)

Vidul: Tim ma tran nghoch fiao cua
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& 2 30 é 2 3|1 0 0d
_6 a _
A=% -1 2o (Al)=5 -1 2|0 1 ow%¥i¥i%m
8 2 5§ & 2 5/0 0 1§
& 2 3|1 0 0y 61 0 0f
: ¥ Lo 8 ¥
®H -1 2|0 1 04® chuy: $,=¢0 1 0y
0 -4 -4/-3 0 1§ &3 0 1§
é U ‘
& 2 3|1 0 00 e 23 ; 0 013
9P D -1 2|0 1 of 3/4‘3&3/43/"%)@60 1 1|5 0 -5
20-1-1-§05u %-120103
8 4 -~ 4h € u
€ 0 o@ & 0 oy
< G
ta co: S, = &0 Ou S3= e0 0 -15
e 1U &0 1 Of
e 0 g o d
2101-50 13 2100-§-1 13
g 2 Za g 4 3 12!
wh¥we 1 1| 3 0 -l03%Ye & 1 0of L -1 _l
¢ 4 4u ¢ 2 3 6l
& 03| 21 -1 oo 1| T I .1La
& 4 44 & 4 3 12§
ta cor:
63 1 70U
é _ 1 €, "2 750
&1 -2 o0 o 9 "3y é14 i’ 1210
= Ug -6 - 1d 1_éx 1 _2u
S=0 1 09,55 o1 -30p A 85 "3 "5
O 11§y e 10 & 0
300 30 (:ei 1 _ig
64 3 12§

O fiay ta co the kiem chdng A la tich héu han cac ma tran s6 cap nhd sau: Theo menh fie fia hoc &
tren, can c6 vao phep bien fioi s6 cap 0 tren ta co lan 166t cac ma tran so cap Si, Sz, S3, S4, Ss, Sa0

cho: 1= Ss. S4S3.5,.51. A <=>
é |
&1 0 oy a ° sgeL -2 0uél 0 0§ o o
':é13801 e010“‘300 1“e010u'
€ 0 1y é 1u
% 0 @4&4@@4&4@@ 42 4@
S5
¢1 0 Ol 2 30
'go 1 o”eo -1 2u vay A= S 1s;1s3ts, st kiem chong! ¢

9P
R
Gz <
HE R
D
"R
G

Ta cung co the dung PBNSC tren dong fie tinh A” B nho sau:
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Vidu 1: Retinh ma tran tich cua A B, ta thiet lap gA|BH sau fio dung PBNSC tren dong fie

..... ® € [A 1BYU.
e 8

ma tran cot,

fica GA|BH®

Pic biét B=
SAIBH® .. ® €
€AlBH 5

¢!
él 1 Ou

thi
A 1B = x@. Xem

giai Ax=B tuong fuong Vi

él 0 Ou

Matran A= 1 13,82? 1 Og,tinh A'lB.TathieztIapmatran:

e

A,

EABH=

I\JHO@)CD))&
HOHH"@
o
e
&

B RP D
o r B

B R
o N O
N O O
o

D D~
[
1
[ —

=
w
I
@@ O 0P O

Vay A”

NIk N - I\’|
)

o
ey et

elu

_ Uy A-1
,B_gzqthuA B

&3¢

Ve
Ve

>

1]
99) CE)CD) >g
(@)}

>,

'_\
o r B
B e
leo¥ e

| tren

cho =g "2 0 100
© 6 1 8f

a/ Tinh 2A-3B.

b/ Tinh X sao cho A+X=B.
€l 3 5 -7u

2/ Cho A =3 a
@ 9 -8 28

e 0 1y

1 0 0y
112 1 03®
-1]-2 0 -1§

=P

[y
(o8
NC

@ D
>
(e

NIk NI I\.)|
N I\J|,; N
[(@ ) an Y e Y e exY ex Y ey an?

-. Bac biét ¢ vi du nay, bay gio giai: Ax=B vai

élu
oy — éoa . anl Mo .
=x=40y chinh la cot mot cua ket qua
2%
¢

BAI TAP
él -2 6 50
€& 0 8 of

é2 6 3 5u
va B =a G
g0 8 2 9

a/ Tinh X sao cho 2A-3X=B.

b/ Tinh BT, ABT, BA'.
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3/

4/

5/

6/

7/

8/

~

I R,

e3 5u © 0 o
Cho2matran A = A2 Ou vaB—SD 9 OE
@4 5EI

a/ Tinh A.B va det(A.B).
b/ Tinh B.A va det(B.A)
Tinh ma tran nghich fiao cac ma tran sau:

éL 2 3u
A= 35 6 OUB_(—}Z 1a . _é&7 2u _é3 Vzu
@ 5 7EI €4 30" &p 1”’ “ &5 14l
& -5 =L =2 é -5 4 -1
él1 0 20 e u é 1 .10
_% 1 2 o 1 5
E—A3 4 0 ,F=¢ 3 30.G=¢4 U
G001 ®o 1 0l 010
&0 0 0 10 & 0 0 14

Tinh cac ma tran X sao cho:
é 5u & -6u é2 -3u élu & 1u (—}3 2u

A X = . b X = ,ca X =
& 3" 2 1Y )34 187 T8l s 2" T8 sl
Tim X sao cho AX=B nho sau:

2 3 11 5u é2u

& 1 5 o0 &0 €3 5 U Al
al€ Ux =€"0p % -6 2 3Ux=24
& 1 3 20 é&3u ¢ us o eu
21 1 s 48 838 g2 -3 -11 -15¢ gly
€2 5 -8u é8u 22 22 28 §23
& 3 .gi  egu @372 % &
C/gz 3 -SEX 273 d/gg 1 4 -58X=glg
é &2 23 45 &y
S8 T R g6y gy
Giai va bien luan theo m cac hei phd6ng trinh sau:
I X+y+z=2 imx+y+z=0 Imx+y+z=1
a/:'2x+y- 22=2 b/:'x+my+z:O c/:'x+my+z:m
¥mx+y+4z:2 ¥x+my+z:m+1 ;:.x+my+z=m2
i X +y+(1l- m)z=m+2 I X+y+z+t=3
d/:'(l- m)x- y+2z =0 e/:'x+y =4
1,'2x -my+3z =m+2 ¥x+y+mz+t=2
1 mx +y +Z =m
f/ t2x +(M+1)y+(m+1)z=(m+1)
¥x +y +mz =1

Ngudi ta fionh nghéa ham mu ma tran (giong nhé ham mui théc ) nhé sau: cho A= Sb
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] ~ él Ou an
Tinh. e®. Trong fio lo = SD 1QIa ma tran vuong fion vo.
C u

9/ Gia s6 A la ma tran vuong va co k 3 sao cho A* =0.
al Cm B=I-A kha fiao va tinh B™ theo | va A.
b/ Cm C=I+A kha fiao va tinh C™* theo I va A.

& 2 4
9/ ChoE:g5 1 2. Tim Sy, Sy, S khafiao T Ms(R): E=S; S, Ss.
e -1 1y
& 1 1
10/ Cho f(x)=x>- 7x+5, g(x)=2x>+3x-4, A=0 1 1y
e 0 1y
Tinh f(A), g(A), f(A).g(A), vidu g(A) =2A3+3A- 4l , trong fio | larma tran fidn vo.
CHOONG 2
NONH THOC

BAI 1: NONH THOC

1.1 Nonh nghéa:
Hoan vo: Ta fia biet & pho thong, mot hoan vo cua n soi td nhien 1,2,3,..., n goi la mot hoan vo bac n (la
song anh: na f (n)).
Nghich the: Cho hoan vi (iy,i,,i3,L,iy), cap so (ij ,ik) trong hoan vo fiol tao thanh mot nghoch the:
neu i j > i, va ij Aidng trodc (ben trai) ix trong hoan vo fio.
Vidul: Trong hoan vo 3241 ta co 4 nghich thei (3,2), (3,1), (2,1), (4,1),
Mot hoan vi fidéc goi la chan (le), neu soi nghich the trong hoan vo fio la chan (le)

Nonh théc cap 2 la mot so xac fiinh nho sau:

210 =aby - apby

(D) Dp=
ap by
So hang a;ja,, co dau déong do hoan vo (1,2) chan.

So hang a;,a,7 co dau am do hoan vo (2,1) le.
j =4(-2)- (-5)(-1)=-13.

Nonh théc cap 3 la mot so xac fiinh nho sau:

Vidu2:

a b ¢
C a a
(2) D3:az b2 02=a1.Z Ci- .ai Z‘+C1a§ Z
ag by c3

= aqbyC3 - a103C; - @y C3 +aghyC) +axhscy - aghycy
vidunho so hang a;bsc, codau am do hoan vo (1,3,2) le.
- agb,c; co 3 nghoch the nen mang dau am.

Ne de nhé ta co qui tac Sarius sau:
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g b ¢
D3=la; by =
ag by c3
Qui tac nay con fdoc goi la 3 A6ong cheo dédng troi 3 fiddng cheo am.
g b ¢
(3) D3=lay b, cyi=
ag by c3
= a1b,C3 +aghy Gy +aphscy - aghycy - axhyc3 - aghse, .

- Nonh théc cap n: Xet fiinh thdc cap n la bang sau fiay:
a1 ... Y

a adry.... &
D(A)=|A|=det(A)=| 2+~ 727 o2
LLLLLLLL

an1 dn2---- Apn
Nay la mot ham nhieu bien f:R"" R"® R

Nonh théc con bu cua phan to a; ,ky hieu la M;; , la fionh thdc bac

j )
(n-1) nhan A6oc to D(A) bang cach xoa fii dong thd i va cot tho j.
Phan bui fiai soi cua phan t6 a;j Ky hieu la Aj;, fiddic ficnh nghéa nho sau:

== . N i+
A =EA;jH trong lo Ay =(-1)  Mj
1.2 Nonh ly:
Cong thoc trien khai Laplace, khai trien hang thdi i, nho sau:

n
(*) D(A) = a ajAj =a1AL taaA 2 tai3A3 t L+ A

j=1
khai trien cot thd j, nho sau:

n
(*) D(A) = a ajjAj =ajAj +apAgj +agjAgj +L+ay Ay

i=1
O dang (3) & tren, khai trien cot, ta co
ag b ¢
(**) D(A)=laz by cpl=a1A +apAy+aghAs,
ag by c3
Vi du2:
1 -2 0 5
2 3 1 - , ) s "
D:3 10 . Ap dung cong thoc laplace, khai trien theo cot tho
31 0 2
1 -2 5
D=(-1)%"3.13 1 2=
3 1 2
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2 2 3 1
=- i ) 2

2 3 1
1.3 Cac tinh chat cua fionh thoc:
Ne minh hoa cho cac tinh chat cua fionh thdc, ta minh hoa cho fionh théc bac 3, va fionh théc bac n van
co hieu I6c tédng td. Cac tinh chat phat bieu cho hang hay cot fieu co vai tro nhd nhau. Ne: kiem
chdng cac tinh chat sau ta chz can dda vao ficnh nghda.

5
==0.

3
3 a

Tinh chat 1: Neu fioi hang va cot cho nhau thi gia trd fionh théc khong fioii. |A| :‘AT ‘ (A la phan bu

fiai so cua &)

a ady ag
by b, bg| =a;A;+a,A, +azAs do khai trien theo hang 1
¢ G G
a b ¢
a by, cy|=g4A +ayA, +aghA3 do khai trien theo cot 1
ag by c3
1 2 1N 3
Vi dul = =56=-1
3 5 |2 5

1 0 -2 1 -2 3
vVidu2:|1-2 1 1={0 1 -1=
3 -1 3 -2 1 3
= [1.1.3+0+(-2) (-1) (-2)]-[3.(-2)1+1(-1)1]=6
nghta la: det(A) =det(AT)
Tinh chat 2: Neu fioi cho hai hang (cot) cho nhau thi gia tro fionh thoc fioi dau. (B; la phan bu fAai so

cua b )
a b ¢
a, b, cy|=bB;+by,B,+hbyBs khai trien cot 2, codau (-, +, -)
ag by c3
b & ¢
b, a ¢, :blB{ +b28é +bSBé khai trien cot 1, codau (+, -, +)
by a3 c3
nen Bi/ =- B;
1 0 -2 0O 1 -2
Vidu3: [-2 1 =-11 -2
3 -1 -1 3 3

(Aoi cho cot 1 va cot 2 thi dau fioi ).

He qua: Cao it nhat hai hang (cot) giong nhau thi fionh thoc bang 0.
Xem lai vi du 2 muc 1.2.

Tinh chat 3: Thda so chung cua mot hang (cot) thi fidéc mang ra ngoai.
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a kKb ¢
ay Kby Cp|=kiyBy +kbyBy +khyBs =
ag kby c3
a b ¢
=k(byBy +byBy +b3B3) =kjay by c
ag by c3
371 0 -2 1 0 -2
Vidus: [3°(-2) 1 1=3|-2 1
3’3 -1 3 -1 3
Vidu6: B=aAP |B[=a"|A
aa;; aap I L aay, a;; ap I L ap
ady aay L aay, 1 ap L ay,
O O =a" O O
M T ﬂ
aay, aap L L aay, ay anz L L ay,

51

Tinh chat 4: Neu co mot hang (hay cot) ma moi soi hang la tong cua 2 so hang thanh phan thi fionh
thoc col the tach ra thanh tong hai fionh thoc.

g btdy ¢
ay bp+dy cpl =(byBy +byB, +b3B3)+(dyBy +dyB, +d3B3)
az bg+dy c3
31 0 -2 3 0 -2
Viduz: [5+(-2) 1 1=[5 1
4+3 -1 3 |4 -1

+

1 0 -2
-2 1
3 -1

Vi du tong quat: Gia s6 fionh thoc bac 3, cot mot la tong 2 so hang A, va B, cot hai la tong 2 so hang
C, va D, cot ba la tong 2 so hang E, va F.

|A+B C+D E+F|= |A

(co 2x2x2 =2°=8 thanh phan tach |A
theo cot) B
B

Va|A+B+C D+E+F G+H|(co.3><3><2=18 thanh phan)

O o O

D

E|+|/A C F|
E|+|A D Fl+
E|+[B C F|+
E|+|B D F|

Tinh chat 5: Heiqua cua cac tinh chat tren la fionh thdic se khong fioi neu ta cong vao mot hang (hay

cot) vdi boi so: mot hang khac (sau khi fia nhan véi mot hang so).

Ta th6dng dung tinh chat 5 fiel tinh gia tro fionh thoc.

ytke by ¢ |3 b ¢ ¢ by g
aptkey by cyl=lag by cytkicy by cy=lap by cp+0
agtkcg by c3l |ag by c3 |c3 by C3

Vi du 10: Ly lai vi dy truéc, tinh fiinh thire bac 5:
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12 3 1-41[]30-1 3 -3 31

2 2 -1 1 3 -3
212-111;1-01_1101
1.0 1 o 1= =

1 -11[3 3
1 0 -1 3 3 10-1332102
2 0 1 0 2 ]/20 1 0 2
23 -1 3 -
111 111
11 0 1 4
= =3l4 0 6=34 0 6=-3 =3 -14=42
4 0 0 6 s o4 B
o 1 0 2| 1212

Tinh chat 6: Tich voih66ng cua mot hang v@i phan bu fiai soi cua phan td tren mot hang khac thi bang
0.
Trong khi theo fionh ly Laplace, tich vo h6dng cua mot hang voi phan bui fiai soi cua chinh hang fio, thi
bang det(A) nho (**) va (***) 6 tren (khai trien Laplace).
That vay coi fionh théc coicot 1 va cot 3 giong nhau, khai trien theo cot 1 va chu 'y cac ky hieu fia fid6ic
fionh nghéa ta co:

q b g

Cp By G =C A +CAy +C3A3 =0

cg by c3
TO0Ng t0: ag Ay + b By +¢Cq =det(A), a; Ay +11B, +¢C5, =0.....
Vi du: nhan vo hébng cua cot 1 vOi phan bu fAai so cua cot 2 cua ma tran sau:

el 2 3u élueasu
e u e ,ue Su_ —
§-1 2 -1@® §-1@.§-7@_-3+7-4-0
€2 1 -1 E2HE2H
CHOONG 3
KHONG GIAN VECTO (KGVT)
BAI 1: KGVT

1.1 Nonh nghta: Khong gian vectd (KGVT) la cap (V, R), R la trééng soi thoc, V la tap cac phan to
vecto, trang bo 2 phep toan cong va nhan nhd sau:
(VV)®V (RV)®V
X, x) axitxy (1,x) alx
Va hai phep toan nay phai thoa tam tinh chat sau:
1/ X1+ Xo= Xo +X1.
2/ X1+(X2+ X3): (X1+X2) + Xa.
3/$101 V: 0+x=x+0=x.
4$(-x) TV:-x+tx=x-x=0.
5/ (| 1. | z)X:| 1. (| 2X).
6/ | (X1+ Xz): | X1+ | Xo.
7/(| 1+ z)X:| 1 X + 19X,
8/ 1.x=x.
Mot vai tinh chat: co the suy ra té fionh nghoa:
- "viV, -v=(-Dv
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"viv,"al R, (-av)=(-a)v=a(-v)

"al R, a.0=0

- Neu av=0 thi a =0 hay v=0.

iav=bv iav=au

- bPa=b, :’ P v=u
Tvi O 1ato

Vidul: Tap cac vectd h|nh hoc EUC|Id thong thoong tao thanh KGVT
Vidu2: Tap cac vectd {x : x —ka kT R}, (a vecté co fionh) tao thanh KGVT.
Vidu3: Trédng so thdc R la KGVT tren chinh no.

Nonh nghéa:  Tap W, f * WI V f6dc goi la khong gian con cua KGVT V neu cac phep toan cong
va nhan cua V han che len W.

Nonh ly: Tap W, f * WI V lakhong gian con cua KGVT V neu vachineu "xyl W,"a,bl
R,tacoax+byl W.

Vi du: | trong R", W:{x = (X1, X2, L% )" : AX :O} la mot KGVT con cua R", trong fio AT Mp,. Del

dang kiem chéng. Thdc ra fiay la mot fionh ly:

1.3.1 To hdp tuyen tinh (THTT):
Xet cac vectd A, Az, .., An 1 V va cac so thdc ki, Kz, ..., km. Mot to hdp tuyen tinh cua cac vectd A,
Ay, .., Am la vecto:

i_
A=kiAi+ko Ao+ .. +kp An = é_ k|A|

i=1
Vidu:TrongR® A; =(1,-1,0), A, = (2,1,-2), thimot THTT cuachung la: A=2A;—A;=(2,
-2,0)—-(2,1,-2)= (0, -3, 2).

1.3.2 Phu thuoc tuyen tinh( PTTT), fioc lap tuyen tinh (NLTT):
Nonh nghéa: Cac vectd Vs, Vs, ..., Vin goi la phu thuoc tuyen tinh neu ton tai cac so théc Ky, Ko, ..., Km.
khoing fiong thoi bang 0, sao cho:
kiVi+koVo+ .. +knVm =0
Neu cac vectd Vi, Vs, .., Vi khong phu thuoc tuyen tinh, ta noi chung fioc lap tuyen tinh.
Noi cach khac: V1, V2, ..., Vin i la PTTT <==>
kiVi+koVo+.. +knVm = 0 va$il Lm kit 0

Nonh ly: Cac vectd Vi, Vs, .., Vi la fioc lap tuyen tinh (NLTT)

<==>k; Vi+ko Vo + .. +knVy = =>k; =k, =...... km =0

fionh ly fiddic suy ra hien nhien, to fionh nghéa cua PTTT.

Vidul: Cacvectd u =(1,-1,0),v=(1,3,-1),w=(5, 3, -2) la phu thuoc tuyen tinh vi:
3u+2v—w=3(1,-1,0)+2(1,3-1) - (5,3,-2) =(0,0,0)

Vidu2: Cacvectd u =(1,-2,1),v=(2,1,-1),w=(7, -4, 1) la phu thuoc tuyen tinh vi:
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ia+2b+7c=0
au + bv +cw =(0,0,0) <::>:'-2a+b- 4c =0, xet
¥a- b+c=0
€l 2 7u €l 2 70
:g-z 1 -43® L® SO 1 23, r(A)=2 < n=3, he thuan nhat co nghiem khong tam thoong
g1 -1 1§ g 0 0f

(nghiem a, b, ¢ khong fiong thdi bang khong), vay he PTTT. Do fio ta co fionh ly:
Nonh ly: Nieu kien can va fiu fie cac vectd Vi, Va, .,.Vm 1 R"

la PTTT la rank (V1, V2, .., Vin) <m.

Chuiy: Ta luon co rank (V1, V2, ..., Vi) £ min(m,n)

Vidu3: Trong R’ u=(1,2,3,45),v=(1,2,-345),

w = (1,-2, 3, 4,-5). Ta co m=3, n=5.

él -1 1u él -1 1u

é a 6 a

é2 2 -20 8 4 -40 )
A=€3 -3 30®L®& 0 80,nenrank(A)=3=m, NLTT

é a é a

& 4 4 H 0 0

g 5 -5 & 0 Of

Tap hOp Vect(Al, Ao, .., Am) =<A, Ay, .., Ap> =
}i=m ]
=i a kA Kkl Ry la mot KGVT con, sinh bdi hou han cac vectd
fi=1
A, Ay, ..., An. N6 goi la tor hdp tuyen tinh cua he Az, Ay, .., An.

Vidul0: W la KGVT con cua R* gom cac vectd (xq, X, X3,%4) thoa:
1 X1 +2X5+3X3+X4 =0 L 2 3 1 u

f2x +axp+7x3+%,=0 , 2 4 71 JoLe

l4x, +8x,+13x3+3x,=0 @ 8 13 3 §{

& 20 4u .
& 0 1 -10p X172 M
0 00 of TN

(X1, X2,X3,X4) = X5 (- 2,1,0,0) + x4 (- 4,0,1,1).
Vay W=((-2,1,0,0),(-4,0,1,1)).

Vidull: Trong ra khong gian cua nghiem:

i3X1+4X2+X3+2X4+3X5:O / 4 1 2 38
:

19X +7Xy + X3 +3X4+4%x5 =0 - 1 3 4u
:’ ! 2773 4 5 , dung PBNSC: 4
T 4X1 +5X2 + 2X3 + X4 +5X5 =0 2 1 SH
. u
1 7x1 +10X, + X3 +6x4 +5x5 =0 10 1 6 5
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@ 41231 84 1 2 30
8 a @ a
&5 7134@®201-2 -1 -3
é4 52 150 é&@ 0 0 -2 O0u
& 10 1 6 55 & 0 0 0 Op

X4 =0, X5 = 2X3 + 3X5, X1 ::—:; ( -4X5 - X3 -3X5 ): -3X3 -5Xs

<X1, X2, X3, Xy, X5> = <X3(- 3,2,1, 0, O) + X5(' 5, 3,0, 0, 1)> s
E =((-3,2,1,0,0),(- 5,3,0,0,1)), chéng minh
E la mot KGVT con ( mot sieu phang ) cua R®.

Vidul2: Trong ra cau truc khong gian nghiem cua he phdéng trinh:
i 2X1- 1X2 +1X3+2X4+3X5 =2
:
16Xq- 3Xo +2X3+4X%X4 +5%X5 =3
@ :’ 1 2 3 4 5 <==>Ax=b
T 6X1 - 3X2 +4X3 + 8X4 + 13X5 =9

¥4X1- 2X2 +1X3+1X4+2X5:1

& -1 1 2 3|2u e -1 1 2 3| 2u
é u 8 u
§6 32 4 5 3@®L®go 0 -1 -2 -4 -3@
&% -3 4 8 13|90 © 0 0 -1 0] od
e u e u
¢4 -2 11 2|1 @ 0 0 0 0] 0O

€ -1 0 0 -1|-1i

€ -1 -2 -4|-3Y i X3 =3- 4x
®§ 0 3l:|:>x4:0’:' 3 )

g) 0 0 -1 0 Ol:| ’|‘X2:2X1-X5+1

e

© 0 0 0 0] of
(X1, X2, X3, X4, X5) =(Xq,2Xq - X5 +1,3- 4x5,0,X5) =

= (:EA%QIQ-F Xq (iﬁ%(é)'@ +Xg (:845?%02& Khong gian nghiem la 1 sieu phang tao bdi 2 vectd
a b c

b vac trong R° sau khi fia tinh tien fii bdi mot vectd a . Nhong fiay colphai la mot KGVT ?

Thdoc ra ta sel thay ro hon (vi du phan sau): 6/ iay a chinh la mot nghiem rieng cua (1), con b,c
chinh la mot c6 s6i cua kerA (Ax=0). Va tat nhien cach bieu dien nay khong duy nhat. O vi du tren co
the bieu dien:

(X1,X2,X3,%4,%5) =(0,2,7,0,- 1) +a(1,2,0,0,0) +b(0,- 1,- 4,0,1)

Menh fie: Gia so Wy =(S;), Wo =(S,) P Wy +W, =(S,E S,).

Vidul3: Trong R*cho v; =(1,1,0,1),v, =(2,3,1,2),v3=(3,4,1,3),

Goi Wy =(vy,V5), W5 =(V,,v3). Tim fiieu kien fie

v=(a,b,c,d)T W =W, +W,. Nghia la tim W.

Theo menh fiel tren ta co W =Wy +W, =(S, E S,) =(v1,V5,V3), nghia la v la to hp tuyen tinh cua

V1, V2, V3, nghoba la ta co:
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iaj+2a,+3az=a ¢l 2 3|au
: = ;
_ ja;+3a,+4az=b &1 3 4|pY
ton tai (al,az,ag)::' 172737 e & u
i ap+taz= ¢ € 1 1jcu
. é
ta;+2a,+3a3=d @& 2 3 dH
él 2 3 a u
a
0 11 c v
®L® ¢ u
€ 0 0| d-au
SO 0O O|b-a- CH
. ib=a+c
He pho6ng trinh nay co nghiem neu va chz neu :,d , Suy ra
jd=a
W:W1+W2:{(a,b,c,d)i R4:b:a+c,d:a}: (:]:2220&(&'54@ :
Vi Vy
é|2|3u 2|3
é a a
Al | 3|4 0|11;
Phan tich them: Vy =[vy | vp | v3] =€ U ..® € u
€| 1|10 € | 0| 0d
al2lsn  @lolog

==>rank(V1)=2, va V, =[v; | V5], rank(V)=2, va lai ta co: vy +V, =v3
V3 =[vy | va], rank(Vs)=2, V4 =[v, | va], rank(Vs)=2, nen

W =Wy + W, = (v, Vo) =(Vq,V3) =(Vo,V3) =(Vq,V,V3).

Sinh vien hay chdng minh cu the tdng dau bang cua fiang thoc.

BAIl 2: CO SO VA CHIEU KHONG GIAN
2.1 C0 s0 va chieu kgvt:
Mot KGVT tong quat (V, R) co he hou han va sap tho to ( A6d6c sap tho to).
P :{ X1, X2, X3,L_L_, xp} 1 V A66c goi la cd so cua V neu va che neu he P nay NLTT va" xI V fieu

A6AC sinh boi P nghta la ton tai duy nhat cac a;1 R, fie ta co:

P
X=a1Xq +a2X2 +a3X3+|_|_+a po = é_ aiX,
i=1
Cac a; goi la toa fio cua vectd x trong cd s6 P, ki hieu:
€a; u
é
_( )T—éazl:' 1 [] la toia o
[x], =(ar.az,ap =&y o V2 9oi [x]p latoario cuax
é
Erf

trong co so P.

Noi khac iii KGVT (V, R) idoc sinh ra bdi he P héu han, va luc nay ta noi KGVT (V, R) la
hou han chieu va

Coichieu la p, ki hieu dim(V)=p.

KGVT sinh béi he P la KGVT bao gom cac phan td' la to: hdp tuyen tinh cac phan téi cua P.

Trong R", E ={(1,0...,0),(0,1,..,0),..,(0,0, .., 1)} la c6 s6 chinh tac.
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Vi du0: Trong R? cho x=(1,2) thi [x]E = gg
a

Vidu

=

E la khong gian nghiem cua:
13Xq +4Xy + X3 +2X4 +3X5 =0
Il SXq +7Xo + X3 +3X4 +4X5 =0
: 4Xq +5Xy +2X3+ X4 +5x5 =0
1 7% +10x5 + X3 +6X4 +5x5 =0

trong vi du trédc la mot KGVT con cua R> co dim(E) 2. va c0 s6 cua E la

P={(-3,2,1,0,0),(- 5,3,0,0,1)} .

Nonh ly: F, G la hai KGVT con héu han chieu cua V ta co:
dim(F +G) =dim(F)+dim(G)- dim(F CG)

Vi du7: Trong R* cho u=(1,0,1,0), v=(0,1,-1,0), w=(1,1,1,1), x=(0,0,1,0), y=(1,1,0,-1), F= <u,v,w>,
G= <x,y>.
a/ Tim dimF, dimG.
b/ Tim kgvt con sinh ra FCG. Tim dim(FCG).
¢/ Tim kgvt con sinh ra F+G. Td fio suy ra dim(F+G).
Giai:
Sinh vien Co the chéng minh F+G, FCG la 2 khong gian con R*.
a/ Viuyv,w NLTT, nen dimF=3, vax,y NLTT, nen dimG=2
Ta se nghiem lai cong thoc: dim(F+G) = dim(F) + dim(G) - dim(FCG).
b/ That ra tim FCG la giao 2 sieu phang au+bv+cw va dx+ey trong fio tim a,b,c,d,e T R. Vay to
phéong trinh: au+bv+cw = dx+ey.
U au+bv+ew+d(- x)+e(-y)=00

é1 1 0 -1 é 01 0 -. 6 0 0 0 -20
é a @& a é a
‘?O 1 1 0 -1@®5011 0 '1@®...®<§0100'2@
& -11-1 00U & 01 -1 0u @ 010 10
© 010 15 @00 1 19 @0 001 1§

Giai he nay ta co nghiem: a=2, b=2, c=-1, d=-1, e=1,

vay mot N° la: 2u+2v-w+x-y=0 hay 2u+2v-w= -x+y =(1,1,-1,-1)

==> <(1,1,-1,-1)> = FCG, vay dim(FCG)=L1.

¢/ Do menh tren ta co F+G= ((u,v,w)E (X, y)) =(u,v,w, X, y) ta se chéng minh F+G= <u,v,w,x,y>
= <u,v,w,x> =< u,v,w,y >. That vay

Vi x,y cung NLTT nen dim(G)=2. Nhéng cung co u,v,w,x NLTT nen dim(F+G)3 4, ma dim R*=4,
nen dim(F+G)=4, va

F+G= <u,v,w,X,y> = <u,v,w,Xx> = < U,v,w,y > =R, (>

Vi du8: Trong R* cho hai hel phéong trinh:(1): X1 - X - X3+ X4 =0, fiat khong gian N° (1) la F, va he
i Xq +X4=0 . 0 o A A

(i o fiat khong gian N” (11) la G, hay tim mot c6 s6 cua F CG.
[ 29 =

Cach 1: Ta de dang tim fid6c (tim x; qua cac bien con lai)
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F=(f;=(110,0), f,=(1,0,1,0), f3=(- 1,0,0,1)) hay bien fioi fie co:
F=(u=(1,0,1,0),v=(0,1,-1,0),w=(1,1,1,1)), trong fio:
u=f, =(1,0,10),v=f;- f,=(0,1-10),w= fy + f, + f3=(1,1,1,1), dimF=3,
G=(x=(1,10,-1),y=(0,0,1,0)), do N°la: (X1, X;, X3, X1)
dimG=2, Do lieu nay toong t6 vi du tren. Nen theo ket qua tren ta co: F € G =((1,1,-1-1))
1X1- Xp- X3 +X4=0

N—

Cach 2: Ta gop hai phodng trinh : | Xq + X4 =0
’:‘ Xl = X2 =0
Ta de dang tim fi66c ker matran: F G G =((-1,- 1,1,1)). ¢

Vidulb: Tim he phédng trinh tuyen tinh ma he nghiem lai trung v6i KGVT sinh bdi 3 vectb a;,
dp,as: 81:(-1,0,1,2), 82:(3,4,-2,5), 83:(1,4,0,9),
Giai:
Goii X=(X1, X2, X3, Xa) 1 (ag,a3,a3),
i-y1+3ys+ty3 =X
[ +Ayp+Ayz=x;

—_

co $y; ,Xx=yjas+yay+ysazU

i Y1 - 2y2 =X3
12y; +5y,+9y3=x4
1 3 1|xu é1 3 1 XU
é ua é a
. a0 4 4% 20 4 4 Xo -
gAlb=¢& 2l & U@
g 1 -2 0 X3l:| g 0 1 1 X1+X3l:|
8§82 5 9|x4 &0 11 11|2x+x40
¢l 3 1 Xll:I
é a
~0 11 X1+ X3/,
® & 17 "30== r(A)=r(Ab)=2<3,
@O 0O -4X1+X2-4X3l:|
80 0 0]-9% - 11Xz +x44
- i'4X1+X2-4X3 =0 i .
nap so : { , nghiem lai agz =2a; +ap
’|‘-9X1 -11X3+X4:0

Vi _dul6: Cho hai he phéong trinh:(1)2x; +2x, + X3 +4x, =0, fiat khong gian N° (1) la F, va he|
i0X1+9X2+1X3+8X4 =0

(N

. fiat khong gian N° (11) la G, hay tim mot c6 s0 cua F CG.
T1X1- 2X5+0x3- 1x, =0 99 an Y ¢

Cach 1: Ta del dang tim fiddc, tim X3 qua cac bien con lai:
F=(f;=(1,0,-2,0),f,=(0,1-20), f3=(0,0,-4,1)), dimF=3
Tim X1, X, qua cac bien con lai:

G=(0g;=(0,1,7,-2),9, =(1,0,- 8,1)) dimG=2, dimF+G=4
==>dimF C G=dim(F)+ dim(G)- dim(F+G)=3+2-4=1.

Ngoai rata co:-3f; +2f,+1.f3 =209, +1.9, =(1, 2, 6, -3)
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vay <(1,2,6,-3)>=FCG
Cach 2: Ta de dang tim fiddc, tim x5 qua cac bien con lai:
F=(t;=(10,-20),t,=(0,1,- 2,0),t3=(0,0,- 4,1)), hay
F=(f1=t), fy=-1p, fg=t;+ty- t3=(1,1,0,- 1)), dimF=3

Tim X3 qua cac bien con lai:
G=(0g;=(21,-9,0),v=(1,0,-81))= (g, g =(-L-1,1,1) =v- gy),
Vata co:-2f;+1f,+3f3=-0;- 30, vay <(1,2,6,-3)>=F CG

12X) +2Xy +X3+4%X4 =0
Cach 3: Ta gop hai phd6ng trinh lai: :'Oxl +9X5 +1X3+8%4 =0,

.ll.lxl- 2X5 +0x3- 1x4 =0
Ta de dang tim fiddc ker cua ma tran nay la: (1, 2, 6, -3)
==>F GG =(fg =(1,26,-3)). ¢

2.2 Chuyen fioi c0 s0:
Bay gi6i co co hai cd s6 fiodc sap B va B’ cua KGVT V co chieu la n, cac toa fio trong ¢d s6 B va toa
Ao trong c6 s8/ B lien hel voi nhau ra sao ?

Cuthe B={uy,uy,L,u,}, B :{ui,ué,L,ué} . Ta goi Pl My(R) la ma tran chuyen c6 sol to/ B sang
B/, ki hieu P—(B® B') neu P fiooc thanh lap:

=€ u lg U
P= eeu S 28 eu 6§ Pao &'

B’ figoc ble;u dien qua c6 so B.

noi cach khac P la ma tran cot toa o cua cac vectd cd sb

Menh fie: V@i cac gia thiet 6 tren ta col cac khang fionh sau:
i/ (B® B) =l,.

il ~ B®B"=B®B)  (B'®B.

il  (B®B)=(B®B)

Vidul:
ua  uua
Trong R? voicosd B = [el ez} ={(2,1),(-1,1)} , x co toa fio|
(01 ]
[x]g/ =(1,1)". Xet co s6 khac: B = {el } ={(0,1),(1,0)} . Tim toa fio mdi [x], cua x trong c6 50 B.
sinh vien hay chéng minh B', B 2 A
6 fiay la 2 ¢ sd cua R?, 18 /
uu qu; ul/l 16
Do :f. 131:'“1 ez— el+ e%u— » //
—(1 S +2. ez) + ( 1el -1. 5] )— wl uua u.;
uu uu / - e
=(2e, +1. &), vay toai fio [X] 5 620;( "1 » ;
cua x trong cd s/ B la (2 1)". 06 \\ / //
Cach khac: [[x], = [X]ar] o \ / <
|Xs = Pe s Xe! | \ |/ A w
o2 v e,
P, =Psge.P
B® B/ B® E E® B/ 01 -0.5 0 0.5 .1 15 g
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€0 1u é0 1u
Peo e =Pos = Sl Ou ‘%1 Ou

[Xlg =Pao s [Xler =Pe® BPeq o [X]p :é 156 -13 E &, ;
él Opal 1 SL uly
Vidu4: Trong R? vdicod sd U :{tﬂ,ﬂé} ={(11.(3,- 1},

X co toa fio [x]u =(2, -1)". Xet cb s6/ khac:
uua  uu

V =[v1,v2} ={(2,0),(-11)}. \ .
Tim toa fio mOi cua [x]v trong c6 sb V. z L. L\
Cach 3: Ta Iay cO s6 chinh tafc E Iarp c6 sb trung gian. ;—k\ SV
Pe@u = gl‘ 1;1’ PE®V:§§ _ iﬂ \\‘@
Reu=Ree -Peou= (PE®V) -Pe@u==> |

3ue2u é1u (;: R

[x, =Reulx], _i gl‘ & 10° ggu

M 3 e A A ua uu uu T
Trong R”, vOi c0 s0 U ={u1,u2,u3} ={(1, 0,1),(1,3,-1),(0,1, 2)} , X cotoa Ao [x]u=(2,-1,5) . Xet cbd

uua uua uu

s6/ khac: V =[v1,v2,v3} ={(1,2,0),(0,1,- 1),(-1,0,1)} .

Tim toa fio. moi cua x trong c6 s V.
Cach 2: Ta lay ¢ s6 chinh tac E lam c6 so/ trung gian.
Ta lay 6 sb trung gian la c6 so chinh tac:

W ua uu

E :{91,62,93} ={(1, 0,0),(0,1,0),(0,0, 1)} . Bang ngon ngd ma tran ta co:

Ma tran chuyen toic6 SO E ® V lamatran: Pggy

Ma tran chuyen t6ico SO E ® U lamatran: Pggy =

R maps
';wHHHO
H
fao

Vay ma tran chuyen c6 s6V ® U la tich hai ma tran:
6l 0 -1i'él 1 oy
_ _p-1 _é a é a_
Rieu =R/e e PEeu =Pe®v PE®U‘22 1 0y SO 3 157
© -1 1§ @ -1 2
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. . . €2 1
1e1 1 1uél 1 Ou a3 a
_1é _SUé U_ é-4 a0
=562 1 2930 3 Lmgs -l
£2 1 14el -1 24 é.1 0 1@
es 8
Vay toa fio [ x],, trong co s6 m6i V la
é2 u €16 (
63 1 lge2n &3
_ _é-4 _qU€ 10_8-260
[X]V‘R/®U[X]u &3 1 10: =63 g
€1 o 1UESH €13u
es g es3d
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Phan 3:
CHOONG 1: BIEN NGAU NHIEN (BNN)
I. Bien ngau nhien
Nonh nghéa: Bien ngau nhien (bnn) (con goi la fiai I166ng ngau nhien).

Anh xa X to khong gian mau Wvao tap so thoc R:
X:W® R

wi X,wa X (w)T R
fiddc goi la bnn. Thodng fiddc ky: hieu la: X,Y,Z....
- Bien ngau nhien rdi rac (BNNRR): Neu X (W) la hou han hay vo han fiem fioc.
- Bien ngau nhien lien tuc (BNNLT): Neu X (W) la mot khoang hay mot so khoang hay toan bo R.
Vidul: Ban lien tiep n vien fian foc lap vao bia. Goi X la so vien fian trung fiich b X ={0,1,2,...,n},
la bnn rdi rac.
Vi du2: Tuoi tho cua mot thiet bo ta bat fiau khao sat la bnn:

w={t:0£t<¥}=g0,¥( b X(t)=t,

la bnn lien tuic.

I1. Luat phan phoi xac suat cua bien ngau nhien
2.1 Bang phan phoi xac suat cua bnn rdi rac

Ta co bang phan phoi sau, voi fiieu kien § P =1

X \ X1 X2« X .. X
P(X) | PL P2 . P . P
Vidul: Tung 2 con suc xac, X bnn la tong 2 mat, lap bang phan phoi xac suat
Giai

De dang lap fiédc bang phan phoi xac suat nhé sau: X = 2,12
X |2 3 45678910 11 12
PX) | 1 2 3 45654 3 2 1

62 62 62 62 62 62 62 62 62 62 62

Vidu2: Trong 10 san pham co 6 chinh pham, lay ngau nhien khong hoan lai ra 2 san pham, lap bang
phan phoi xac suat cua so chinh pham fi6dc lay ra.

Giai
Goi X la so chinh pham fiééc lay ra, ta co: X =0,1,2
i ~2-i
P(x =)= b P(0)=2, P()=2, P(2)=—
(;120 15 15 15
X |lo 1 2
PX) |2 8 5
15 15 15

Chu y: Trong hai vi du tren ta luon co: § P=1

I11. Ham phan phoi (hpp)
Nonh nghéa: Ham phan phoi (hpp).
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Fx (x)=F(x)=P(X <x)=P(w: X (w)<x),xi R
fiddc goi la ham phan phoi cua X.
Nhan xet: Gia tro cua ham F tai x, thi bang tong cac xac suat cua cac X 6 tré6c x, nen F (x) con
fidc fonh nghda ro rang hén nho sau:
F(x)= & P(xj < x)
Xj <X
Tinh chat: Ta co the chdng minh cac tinh chat sau:
Tinhchat 1: O£ F (x) £1
Tinh chat 2: Ham phan phoi luon la ham khong giam, toic
X1 <X, P F (x1)£ F (xz)
Tinhchat3: lim F(x)=1, lim F(x)=0
X® +¥ X® - ¥
Tinh chat 4: P(a£ X £b)=F (b)- F (a)
Tinh chat 5: Xac suat fie. bnnlt X nhan gia tro tai mot fiiem luon bang 0,
do:P(X =a)=P(aE X £a)=F(a)- F(a)=0
Tinh chat 6: Neu X la bnn lien tuc thi:
P(aE X£b)=P(a<X £b)=P(af X <b)=P(a< X <b)
Nhan xet: Xac suat tai mot fiiem chz co nghéa voi bnn rdi rac, con xac suat tai mot fiiem véi bnn lien
tuc luon bang 0.
3.1 Bien ngau nhien rdi rac (BNNRR)
Neu ta co bang phan phoi sau:
X ‘X]_‘XZ‘XJ"...‘X[]
POX) [ p1 [ p2 [y [ . |

Gia s0 Xq < X5 <...< Xp, theo fionh nghta 6 tren, ta co ham phan phoi cho BNN roi rac trong tro6ng

hop nay la:

.‘I.O, X<X1

: P1: X1£X<X2

fp+po, X0 £ x<X

F(X):}pl P2, X2 3

:::p1+p2+...+pn_1,xn_1£x<xn

fPLt P2+t Ph1t Py =1 Xp £ X <¥
Taix batkyitaco: F(x)= a pj= a P(xj<x)

Xj<X Xj<X

ta co the kiem chong cac bieu thoc sau cho BNNRR:
P(a<X <b)=F(b- 0)- F (a)
P(a£ X £b)=F(b)- F(a- 0)
P(a£ X <b)=F(b- 0)- F(a- 0)
Vi dul: Mot loisp co 5 sp tot va 4 sp xau. Lay ngau nhien t& loi ra 3 sp. Goi X la soi sp tot trong 3 sp
lay ra. Tim phan phoi xac suat cua X, viet ham phan phoi va tinh P(1£ X< 3)
Giai
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cke3-k
5%4

cd

X | 0123
PX) | 2 15 20 5

Taco X ={0;1,23}. P[X =k]= k=0,1,23

42 42 42 42
ta cong don xac suat theo téng khoang fie co ham phan phoi xac suat nho sau:
i0, x<0O
i
I 3 0£x<1
42
117 N A
F(x)= 15, 1£ x<2 , VOi cong thoc 6 tren cho BNNRR ta co:
i
137 2ex<3
: 2
TL 3EX<¥
P(LEX <3)=F(3-0)- F(1- )= . 2=F_pyyspp=2:+2
42 42 42 42 42

Ham phan phoi co fio tho la ham hinh thang tang.

1

1.4 o.of

1.2 o8l

1 o
0.8
0.6
0.4
0.z

%

0.6

0.5

0.4

0.3

0.2

0.1

15 o

—
bad- - - - -
e

2 1V

. : : . :
0 0.5 1 1.5 2 2.5

3

Vidu2: Tung 2 con suc xac, X bnn la tong 2 mat, lap bang phan phoi xac suat, tim ham phan phoi.

Giai
Ta fia xet vi du nay, 6 fiay ta tim ham F(x) theo cach cong don.
X 2 3 4 5 6 7 8 9 10 11 12
P(X) | 1/36 1/18 1/12 1/9 5/36 1/6 5/36 1/9 1/12 1/18 1/36
F(X) 1/36 1/12 1/6 5/18 5/12 | 7/12 | 13/18 | 5/6 11/12 35/36 1

1.2
1 ”/’/?k

0.8

0.6

0.4 et

o _//

0 -

2 3 4 5 6 7 8 9 10 11 12

Nay la fio tho minh hoa ham F(x)
3.2 Bien ngau nhien lien tuc (BNNLT)
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Tdong 6ng vOi bang phan phoi xac suat cua bnn rdi rac thi

vOi bnn lien tuc ta co khai niem ham mat fio xac suat
Nonh nghta: X nhan cac gia tr lap fiay (a; b) (a, b co the vo han). Ong vdi moi x1 (a;b), mat fio xac
+¥ b
suat tai x ky hieu la f(x)2 0 va ¢ f(x)dx = of (x)dx =1.
-¥ a
Giong nho rdi rac, bien nn lien tuc cung fi6dc fAtnh nghéa:
X
F(x)= of(t)dt=P(X<x)| <->F(x)= & P(xj < x)
-¥ Xj <X
Do fionh nghda nho the nen ta co cac ket qua sau:

SN—

b
Pla £ X £b]=f (x)dx=F(b)- F(a)|, (@fa <b £b)
a
d _d & 0 I
&(F(x)) = ég f(t)dt%ﬂ—(F(x))X = f(x)

- Y nghta ham mat fio: P(x £ X £ x+Dx) » f (x)Dx

Toc xac suat fie X roi trong khoang [x, X+ Dx] gan nho tz le/ voi f(x), nen no iddc goi la ham mat fio.
10, x<0

::: 4x, O£ x< 1

Vi dul: Ham mat fio xac suat: f (x) =: . 2

}4-4n E£x<1
Yo, 1£x<¥

a/ Chong minh f(x) la ham mat fio.

b/ Tim ham phan phoi xac suat. Tinh Pael < X< §9
&4 55
Giai
+¥
a/ Sv to kiem chong ¢ f(x)dx =1.
-¥

b/ Ta cong don tich phan fie co:
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i o0
0= 0dt, x<O
Vooy
|
T 1
I2x = 04tdt Of x<§
i 0
1

4x- 2x%- 1= o4tdt+0(4 4t) dt, %£x<1
0 1

2

#

2 1
1= O f(t)dt = Qatdt + O(4- 4t)dt, 1£x<¥
-¥ 0 1
2

Ta cor: P§<X<§9—F8830 Fado Lyt

T
I
=i
T
T
T
i 1
i 1
T
T
T
1

&55 &4y 25 8 200
Cac fo th(‘)zF(x), f(X) nho sau:

151

11 11
0.5 0.5
- [a]

-1 05 U 05 i 15 2

0.5 1 15 2

-0.51

=14 R )
Ham mat fio con co the moi rong la: khong can lien tuc.

IV. Cac fac trong so
4.1 Nonh nghta: Niem phan v, Median (med(X)).

Hoanh fio Xp fiddc goi la Ailem phan vo vOi xac suat p, cua X:

xp=min{x:Fy (x)2 p}, 0< p<1

Noi voi bnn lien tuc:

trong hinh vel la fio tho
cua ham mat fio, dien tich -¥
boi fien bang p, tai hoanh o x

-KV

oA

Nac biet p== fi6dc goi la median ([Med], X}/ la fiiem trung vo cua X:hay noi cach khac:
2

N

- 1
=med(X)U o f(t)dt=—=
g, =med()0 & 1 (A=
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Noi vdi bnn rdi rac thi trung vo la 1 gia tro cua X mai tai fio xac suat fi6dc chia fieu t6dng fioi hai
ben, nghéa la med ( X ) = x;

1
F éxig= PeX < X QEEE F €Xi+18= P 8X < Xj+1f- Thuat toan tim

i
N o N o . 1
med(X) = x; nho sau: cong don xac suat, bat fiau t& p;, p,... fien chzso i cua x; sao cho: § pj 3 >
j=1

Vidul: Cho X rdi rac co luat phan phoi

X |1 2 3 4 5
PX) |01 02 015 01 | 045
Med[X] = 4.

Do tong xac suat 0 hai ben cua X=4 fieu bang 0,45.
Trong excel: Median(range). Range co the gom cac cell trong
Vidu2: Cho X BNN rai rac col luat phan phoi

X o1 s
P(X)‘Z 15 20 5
42 42 42 &2
2 15 1 2 15 20_1

Med[X]=2,ViF(x=2) < —+—< =, F(x=3)= —+—+—>=.
42 42 2 42 42 42 2

4.2 Mode(X) (mot X).
Mode(X) cua BNN X la gia tro cua X=x sao cho xac suat tai X=x la 16n nhat (xac xuat tin chac nhat)
Trong excel: Mode (range). Range co thei ca cell trong

Vidul: Cho X BNN roi rac co luat phan phoi & vi du tren:

X | o123
PX) | 2 15 20 5

42 42 42 42

N

thi ta co: mode(X) =2.

Vidu2: Cho X BNN lien tuc coham mat fio nhd fioi tho cua phan fionh nghia med(X) é tren, ta co
mode(X) =10.

4.3 Ky vong toan, moment cap k, ph66ng sai.

- Nonh nghoa: Ky vong thoong ki hieu: E(X) =X = M(X) = m(X)=my .
E: Expectation, M: Mean, nen ky vong con id0c goi la gia tro trung binh.

+Vai X rdi rac ta fionh nghoa:
X ‘X]_‘XZ‘XJ"...‘X[]
POX) [ pr [ p2 [ i [ |
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E(X) = MO SO0 =5 Pyt XaPo X B = & x p(xI )
i=1
+¥
+ Neu X lien tuc thi [E(X) = M(X) = m(X)=my = ¢ Xxf(x)dx.
-¥
Trong excel: Average (range). Range co the gom cac cell trong

Vi du: Trong binh fidng 10 qua cau giong nhau nhéng khac trong 166ng gom 5 qua co trong 166ng
nang 1kg, 2 qua co trong 166ng 2kg va 3 qua col trong 166ng 3 kg. Lay ngau nhien 1 qua, goi X la
trong 166ng qua cau fio. X co luat phan phoi:

X \ 1kg 2kg 3Kkg
P(X) |05 02 03
SuyraE(X) =1 2 +2° 243 S -15%2 2+3 3 _, 44
10 10 10 10
(trong 166ng trung binh cua 1 qua cau theo y nghéa thong thdng cua binh quan gia quyen trong fidi
song thoc te).

- Y nghta ky vong:
Ky vong la gia tro trung binh co trong soi theo xac suat cua fiai 166ng ngau nhien X, la trung tam fiiem
cua phan phoi ma cac gia tro cu the cua X se tap trung quanh fio.
- Moment cap k:
n
Roi rac: E(XK)= § xX p(xi )
i=1

¥
Lien tuc: E(Xk) = o xKf (x)dx, neu tich phan nay hoi tu.

-¥
“ Moment tam cap k:

N Kk kK\_ o K
ROilrac:E([X- EX] ):E([X- m| ) a & - ExH p( )
k k ¥_ k
Lien tuc: E(X - EX)" =E(X-m)" = 3(x- m)" f(x)dx,
-¥
neu tich phan nay hoi tu.

Tréong hop rieng: phdong sai la moment tam cap k= 2:
* Phoong sai: (ki hieu: var(X) = D(X) =s 2(X)=s %)

n 2
ROi rac:varX = E([X- EX]Z): E([X- n‘]z): a & - mi p(xi )
Lien tuc:
¥
var(X)=D(X)=s ?(X)=E(X - EX)"= §(x- m)
¥
Y nghda phé6ng sai
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Phodng sai la sai soi binh phd6ng trung binh cua fiai 166ng ngau nhien X so voi trung tam fiiem Ky
vong. Phoong sai duing fie: fio moc fio phan tan cua X quanh ky vong.

" Noilech tieu chuan: |yfs 2(X) = Jvar (X) =s x =se(X) =, s,

Trong excel: StDevP (range). Range co the gom cac cell trong

Menh fie:

1/ E(bX +cY +d) =bE(X)+cE(Y)+d, b,c,dl R.
®

2/ X, Y la BNN fioc lap thi e E(XY)=E(X)E(Y)

4

3/ var(X) = E(X?)- [E(X)]?, Khi fio

N, a&n 62

var(X)= 8 x§pj-¢a XjpjI , X roi rac.
j=1 =1 5

var(X)= ¢ x*.f (x)dx - é O x.f(x)dx+ , X lien tuc.
- ¥ -y b

4/ var(C)=0
5/ var(X) = 0 suy ra X={c} toc P[X =c] = 1.
6/ X, Y la BNN fioc lap thi var(X £Y) = var ( X) + var (Y)

7/ Tong quat hdn 6/ ta co: var (bX +cY) = b®var (X ) +c® var (Y)

I o - , N
ral exigp
o Neu Y =i [x]p E(V)=E(i [x])=1 .,
A
i 01 [X]f(x)dx
T x=-¥
2
: no,, . ooer 0
var( [x])= a1 SXijj'éal ExjUpj =, Xroirac.
=1 j=1 p
var(i [x])= @i ?[x].f(x)dx- ¢ oi [X].f(x)axs , X lien tuc.
-¥ -¥ b
i du ~ :L 1£X£3
Vi du3: BNN X co ham mat fio xac suat: f (x) =i x2
10, conlai
a/ Timk. b/ Tim E(X) ¢/ Tim Med(X)
d/ Tim ky vong cua Y = X3 +%
Giai
X=¥ Xx=3 3
a/ Doavao ( f(x)dx: o) f(X)dX:]_D k="
X=-¥ x=1
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x=3 x=3 x=3

3 3
b/ E(X)= o xf(x)dx= @ x—sdx= ¢ —dx==In(3
( ) XEE ( ) XEE 2X2 XSHZX 2 ( )
¢/ Med(X)=x, theo fionh nghda ta co:
t=x t=x
F(x)= ¢ f(t)dt=20 Oizdtzlg 3x-1_14,.3
(=1 2 (=1 2t 2 2 X 2 2
x=3 x=3 ..
N .ae3 16 3
d/ E X|)= x| f(x)dx = X"+ ———dx =
6 0)= 01 D (ax= &+ 2%,
x=3 "
3m, 10, 20 ¢
2 58 x3p 3

5.2 Phan phoi sieu boi XT H(N,N4,n)

Xet tap col N phan td, trong fio co Na phan td co tinh chat A. T tap fio lay ra n phan t6. Goi X la soi
phan td co tinh chat A thi X co phan phoi sieu boi.

Taki hieu X1 H(N,Nx,n),

mot vai tai lieu con ki hieu

X 2 H(N,N4,n). ’
Nonh nghéa d

Phan phoi sieu boi la phan phoi cua
BNN roi rac tren tap X = {0; 1; 2; ..; n}
vOi xac suat todng ong la
Ck Cn- k
_ — 11— Na"N-Ny . e N
p =P[X = k]——n, (chuy:neu k>N 4 thi p, =0)
CN

5.3 Phan phoi nho théc X1 B(n, p) hay X : B(n, p)
Day phep thé Bernoulli la day n phep thd thoa 3 fiieu kien
i/ Cac phep tho fioc lap voi nhau.
ii/ Trong moi phep thd ta che quan tam fien mot bien co: A.
iii/ Trong moi phep thd xac suat thang 16i luon la hang so
P(A)=pb P(A)=1- p=q, (0< p<1)
Nonh nghéa
Phan phoi nho thdc la phan phoi cua fiai 166ng ngau nhien roi rac tren tap X = {0; 1; 2; ..; n} vbi xac
suat thang 161 moi lan thd la p, thi xac suat co k lan thanh cong la:
P = P[X =k]=B(k,n, p) = CKpkq"K

Vi du 2: Sau khi san xuat xong, san pham cua nha may Nai Hung fiédc fiong thanh hop, moi hop co
10 san pham. Cho biet soi san pham loai 1 trong moi hop col phan phoi nho sau:
So san pham loai 1 7 8 9 10
Ty le hop t6ong Ong 0.1 0.3 0.4 0.2
Mot khach hang muon mua mot lo hang 500 hop cua nha may. Khach hang nay kiem tra tong hop,
bang cach chon ngau nghien 3 san pham trong hop, neu ca 3 san pham loai 1 thi nhan hop fio.
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a) Tinh xac suat fie: mot hop fi6dc chap nhan.
b) Tim so hop tin chac nhat ma khach hang co the nhan fiédc trong 500 hop can muon mua & tren.

Giai:
V/0i gia thiet co 4 loai hop:
So san pham loai 1 7sp 8 sp 9sp 10 sp
Ty le hop t6ong Ong 0.1 0.3 0.4 0.2

fiay la XS fiay fiu, nen ta dung cong thoc xac suat fiay fiu. Goi:
72 "BC hop co 7 sp loai 1", P(A7)=0.1

As: "BC hop co 8 sp loai 1", P(Ag)=0.3
Ag: "BC hop co 9 sp loai 1", P(Ag) =0.4
o: "BC hop co 10 sp loai 1", P(Ay)=0.2

Goi A: "BC chap nhan hop 6 mai lan kiem tra".

p=P(A)=P(A;) %_HD "ﬁyAS_HD )P?yAg%
P(Alow%;

P O_ C7(33 7 O_ Cscz 7 p O_ CgCl 7 p 6_ CioCo _
& Ay c3 &/ Pey c3 & Ay c3 & Moy c3

p=P(A)=0.6492 ==> g= 0.3508.

Goi X: BNN so hop fiéoc chap nhan sau khi kiem tra 500 hop, X 1 B(500, p = 0.6492)

goi k la so hop tin chac nhat nhan 6o, phai thoa:

np- qE k £np- g+1. taco:

np= 500" 0.6492 = 324.583
np- q=500" 0.6492 - 0.3508 =324.232

np- q+1=324.232 +1 = 325.232, vay k=325 hop. ¢

=1

6.6. Phan phoi chuan: X1 N (ms 2) ,S >0,m=const.

Phan phoi cua fai 166ng ngau nhien lien tuc X nhan gia tro tren R vdi ham mat fiol phan phoi:

o (x- m)2
f(x)= e =% .
(x) sSv2p 0.2
2 ] ~ o .
y ¥ - (x ”2‘) 0 15 filedm uodn
Chuy: ¢ f(X)dx== ¢ e B3 dx=1 i R
¥ _¥s\/2p 1~
¥o 30— )
¥ 2 6.105—: \
doavao e Udx= e ] ~
IR 2 4 . B & 10

Voi m=2,s =3
ta col fio tho nho tren,
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Tong quat ta co:

1 C')
Niem coc fiai M = m,
& sV o
va 2 filem uon:U _aem S 1 GU —aem+s 1
| | . 1_8 - v — = U2 — 0 =
sVpeg & 2peg

6.6.1. Phan phoi chuan idn gian:

Nau tien ta co: X1 N (m,s 2) b T= Xs- M N (0,1), ta se chéng minh 6 phan VIII (ham cua
BNN).
t2
T co ham mat fio phan phoi: f(t) = ie 2 (tra bang A).
v2p
t2
X 1 . ~
Tich phan Laplace:j (X)=0——€ 2dt=P[OE£T £ x],TI N(0,1)
oVZp
X X 0
Thatvay:j (X)=9 =0 - 0 =F(x)-F(0)=P[OET £ x].
0 -¥ -¥
Ham j (x) fiddc tra 0 bang B. N
Ham phan phoi F(x) cua N(0,1) ot F(X)

Tinh chat ham j (x):
i/} (- X)=-] (x) le, va hien nhien ta co:
i/Plaf£T£Db]=j (b)-j (@)|.

That vay:
b 0 b '
Pla £T £b] = f (t)dt = f (t)t + OF (t)dt = e
. . 0 s2lf 1 (X)
b a 40 & & 4 2 0 24 elga 10
=of ()dt- of (Hdt=j (b)-j (a) of
0 0
Vi du: o]
T1 N(0,1),P(-3<T <1)=j (1)+j (3)=0.3413+0.4987 = 0.84
0.252

tra bang A: f (0.25) = %ﬂoe_ 2 =0.3866.

Ta thdong dung bang F fieitra ngédc ham j (?):j (?)=0.321

Tatinh a =1- 2° 0.321=0.358, tra bang F: voi a =0.358 cho ta x=0.919. Vay j (0.919) =0.321
6.6.2. Qui tac 3 sigma:

Bai toan: Cho X1 N (ms 2), Hay giai ph66ng trinh voi an t; :

PEX- mEty, sg=1-a ?voi (1-a) cho trode va fivdc goi la fioi tin cay, va |e =t, s | goi la fio

chinh xac: Ta co:

1-a=PgX-nmEt, s H=Pg|xs;n1£ta3=PéT|£taEl:
) a
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=PEt, ETEt §=) (ta)-i (-ta)=7 (tz) trabang B tim t,.

Péx - n1 Etysg=|11-a=2 (ta ) , Xac suat nay fiddc the hien tren hinh ve: La dien tich phan gach

cheo.
Neu lay t, =3, tra bang B ta co: | (ta ):0.9973/ 2=0.4987 ==> Péx - n1 £ 3s f§=99.73%

Nghda la hau het (99.73%) gia tro cua X sai lech voi mkhong qua 3 lan s. Téc mot nha may san xuat
10.000 san pham, cho phep co 27 san pham hg, fiay chz phu hdp voi pham vi san xuat nho, vay trong

v

pham vi san xuat 16n nhd mot t2 san pham thi cho phep 2.700.000 san pham ho !(ke ca hai fiau). Ngay
nay cac sieu tap fioan san xuat voi qui mo fia quoc gia (co hang tz san pham) fia fida ra tieu chuan 6s
fiel o 166ng chat 166ng san pham, nhat la tieu chuan 1SO hien nay fie cao va fioi hoi tieu chuan 6s
moi khi cong ty muon fiang cai lay chéng nhan ISO.

6.6.4. Cach tinh
Cho XT N (m,s 2).NatT = Xs- m
Phoong phap tinh: Tinh P[x; £ X £ X5].

Xo-M
,t2:2

P T1 N(0,1) (chéng minh sau).

X1- m

Nat t; = b

P[X{ EXEXo]=P[X  EST+mMEX,]=P[t1 ET £15]=] (t5)-] (tl).

-mo_ . ax
P[x1 £ X £ X5] =] 8 8 15 -

Hai dien tich boi fien (khac ve dang fiieu) bang nhau

J(t)f'
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Trong 166ng cua 1 loai san pham X col phan phoi chuan véi m=10kg,s =0,5. Tinh tz le nhding san
pham coi trong 160ng t6/ 9,5kg ® 11kg.

Giai
aé.l 102 a9,5- 102 (2)- (-1)=0,82.
8 05 g 8 05 g
Excel: NormDist(11,10,0.5,1)- NormDist(9.5,10,0.5,1)=0.82
Vi du2
Théi gian X (tinh bang phut) cua mot khach hang chd xe buyt la bien ngau nhien co phan boi chuan
vOoi m=45s =1.1.
a/ Tinh t& le' khach hang phai chdi xe buyt t& 3,5phut ® 6phut. Qua 6 phut.
b/ Thoi gian phai chdi toi thieu la bao nhieu, neu khong fie: qua 5% so khach hang phai chd xe buyt,
ma v00t qua thoi gian fo.

P[9,5€ X £11] =

a/ P[3,5E X £6]=) 2220 @O 4505 ()
§ 11 5 & 2

=j (1.36) +j (0.91) =0.41309+ 0.31859 = 0.73168 = 73.17% .

Excel: = NormDist(6,4.5,1.1,1) - NormDist(3.5,4.5,1.1,1) =73.17%

P[6< X] =] ¥ - 452 ab- 452 1

& 11 8 11 g
NormDist(6,4.5,1.1,1) =8.69%
b/ Goi X la 166ng thdi gian can tim, ta co:

. . - 4,50 1 .aex 4,506
P[XO<X]:J( )'Jg 11 B 8011 :

axg- 4 -4,
b j 203 045=) (165)p X025 165b x,° 6.315.
8 1,1 p 1,1

j(136) 05- 041309=869%=  1- P[X <6]= 1-

~£0.05

Trong Excel: NORMSinv( 0.5 +0.45) =1.65.

. Nonh ly gi6i han fita phédng (téng fiiem)
Vi p khong qua gan 0 va 1 thi:

(x- m)2 (k- np)2
1 - 2 1 i
CXpg" K » f(x=k) = e =° = e 24 (x
t2
pit [t =52 hi ve phai (*) la =——~_e 2 =|—L_ £ (1)
\vNpq 2p .npq \/Npq
t2
vOi f(t):%e 2, (tra bang A), fieu nay fung vboi moi fAiem x =k. Vay
p

ckpkg™ K » F f(t)| (voi ham f(t) tra bang A)

3.2. Nonh ly gidi han tich phan (theo ham phan phoi)
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Vi p khong qua gan 0 va 1 thi:

Goi X1 B(n,p) va S, = A

vhpq

Noi cach khac (X T B(n, p) 3‘/4;/5%@ XT N (m: np,s % = npq)

thi S, %7® N (0,1).

Vi hoi tu theo phan phoi (la tich phan tren khoang cua ham mat fio). Va vi the noi con fiddc goi la gidi
han khoang.

Chodng 2: VECTO NGAU NHIEN (VTNN)
Trong thoc te, mot BNN choa fiu bieu dien cho cuoc iidi nhieu he! luy, ta phai dung nhieu BNN hay
con goi la vectd ngau nhien, t66ng td' trong toan cao cap, fio la ham nhieu bien.

Nonh nghta: Cap 2 fiai 166ng ngau nhien Addc xet fiong thdi (X,Y) fiddc goi la 1 vector ngau nhien.
+ X, Yroirac b (X,Y) roirac.

+ X, Y lientuc b (X,Y) lien tuc.

I. Luat phan phoi (X, Y r0i rac).

1.1. Bang phan phoi xac suat fiong thoi

Y Y1 y2 oo Yi o Yn P(X)
X

X1 P11 P2 . Py P1n D(Xl)
X2 P21 P22 .. Pz . P2n p( Xz)
TR p(x)
Xm Pm1 Pm2 .. Pmj . Pmn p( X )
POY) | p(v) p(¥.) -p(y;) - p(%) 1

Pij=P[X=x;, Y=y (i=1,.m;j=1,.,n) laxac suat fie

m n m n
X=x,Y=yjvaa a pj=a a D(Xi,yj')zl-
i=1j=1 i=1j=1
Vidu:
\¢ Y1 Y2 P(X)
X
X1 0,05 0,30 0,35
X2 0,45 0,20 0,65
P(Y) | 0,50 0,50 1

1.2. Phan phoi xac suat lei
- Phan phoi le cua X: (& cong theo chieu cua Y)
n n -
a p(xi , yj)z & PIX=x,Y =y;]=P[X=x]=p(x), i=Lm trongfio (cotxac suat ctc phai
j:_']_ J:_']_
cua bang)
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X X1 X2 .. Xi . Xm

PCp(x) p(x) - P(x) - P(Xn)
Bang nay fia fida ta ve. mot BNN (cho dddi dang tan suat), ma chédng 2 ta iia khao sat.

m _
Ky vong le cua X: E(X) =8 x;p(x;)=x
i=1

o 2 —20
Phoong sai le cua X: 2= § (xi - x) p(xi):iaeg_1 X2 - mxzi
m g 1 2
- Phan phoi le cua Y: (& cong theo chieu cua X)

m m -
a p(xi : yj): a PIX=x,Y =yj]=P[Y =yj]= p(yj), j=1,n trong fio (hang cuoi xac suat cua
i=1 i=1

bang )

Y Yi Y2 . Yj o Yn
P 1 p(v) p(y) -p(y) - p(¥)

n
Ky vong le cua Y: [E(Y)= & Y; p(Yj): y
j=1

_ . —\2 1 & —20
Phoong sai le cua Y: s%za(yj - y) p(yj):ﬁ ay -ny z
2

1.3. Phan phoi xac suat co fiieu kien.

& / 0 PIX=x;,Y=y;]l _PIx.yjl = _—
I =P X=x:/Y=v:]= = , =1
Y it e woe(y)

S PIX=x,Y=y;] PIx.yjl . —
A R 1

Chu'y: Do fiieu kien fiay fiu cua xac suat, nen

Vidu 3:
Mot hop coi 2 san pham xau va 3 san pham (sp) tot. Lay 2 lan, mai lan 1 san pham.
Rat X = :1 neu lan1lay i6oc sp tot
10, neu lan 1lay i6oc sp xau

_11,neulan 2 lay fi6dc sp tot

" 10, neu lan 2 lay fiGocsp xau
a/ Tim phan phoi fiong théi cua (X, Y).
b/ Tim phan phoi lei cua X, Y.

Giai

Co 4 trodng hop:
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P[X=0, Y=0] = P[X=0].P[Y=0/X= O]_g Z_01
P[X=0, Y=1] = P[X=0].P[Y=1/X= 01:22:0,3
P[X=1, Y=0] = P[X=1].P[Y=0/X= 1]:22:0,3
P[X=1, Y=1] = P[X=1].P[Y=1/X= 1]:22:0,3
Y 0 1 P(X)
X
0 0,1 0,3 0,4
1 0,3 0,3 0,6
P(Y) 0,4 0,6 1

Vi dul: Thong ke ve thu nhap theo gidi tinh cua cong nhan det may cua khu cong nghiep cho trong
bang sau:
Y: Thu nhap Loai 1= 1trieu, Loai 2= 2trieu, Loai 3= 3trieu, X: gidi tinh:0=nd, 1=nam)

Y| 1 2 3 P(X)
X
0 01 025 0.6 0.51
1 015 022 0.2 0.49
P(Y) 025 047 0.8 1

a/ Lap bang phan phoi xac suat cua thu nhap, cua gidi tinh.

b/ Thu nhap co fioc lap v6i gidi tinh khong?

¢/ Tim xac suat lay NN mot ng6éi col thu nhap toi loai 2 trdi len.

d/ Lap bang phan phoi xac suat cua thu nhap cua nam, tinh trung binh thu nhap cua nam.

Giai
a/ Bang phan phoi xac suat cua thu nhap:
Y 1 2 3
P(Y) ]0.25 0.47 0.28
Bang phan phoi xac suat cua gioi tinh:
X 0 1
P(X) |0.51 0.49

b/P(X =0)Y =1)=01t P(X =0)" P(Y =1)=051" 0.25
nen gida 2 BNN thu nhap khong fioc lap voi BNN gidi tinh.
¢/ P=0.47 +0.28 =0.75

d/
Y 1 2 3
) Y
(% =1) | 935 _ 5205 922 _ 440 912 _ goms
0.49 0.49 0.49

E(V/4 =1)=1 0306+2" 0.449+3" 0.2449=1.938

trung binh thu nhap cua cong nhan nam la 1.938 trieu fiong. ¢
Vidu 3:
Cho ham mat fio fiong thdi cua BNN X, Y
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nh'c')sauf( y) Ikxy O<x<y<l1

»
0
N T 0.8 (xy)
a/ Tim k? L—— 4

b/ Tim fy (x), fy (y). tinh E(Y).
& 0
fy(y] %), fx(x y), 1Y 2
8 oy
¢/ Tinh P(?<Y‘ x =12 R
62 4ﬂ
d/ Tinh P$(<§ x =12 P9Y<§‘ x>0 p&R 3 10
& 4 4y & 4 4, & 4745

e/ Tim ham hoi qui cua Y theo X.
f/ Tim ham hoi qui cua X theo .
g/ Tim kyivong X,Y.
h/ Tim ky vong E(XY).
i/ Tim phdéng sai X,Y.
j/ Tim ham phan phoi fiong thoi F(x,y).
~ ' Y
k/ Tim ham var(&).
|/ Lap bang phan phoi U=X+Y, V=X-Y, lap fy (u), fy (v)
m/ Neu goi Z =g X + (1- q )Y la 166ng tien flau t6 cho ca hai chz tieu X va Y thong qua tham so
q1 [0,1], hay tim tham soi g fie s6 fiau t6 nay la it rui ro nhat.

Giai:
Khi lay tich phan 2 16p, tuy ta co the! lay thd t6 can tich phan hép ly.
y=1x=y x=1y=1 x1x(1-x3) Kk
a/l=0 0K QO Oxy dxdy—k onx:—D k=10

y=0x=0 x=0y=X

_‘|_O<x<1
b/? y=1 y=1 ) y y=1 10x(1- x3)
i fx (x)= 0 f(xy)dy=10 ¢ xy“dy=10"- 3 =——
t y=X y=X y=X
i0<y<l1
|, X=y X=y X=y
I Y \
ify(Y)= o f(x y)dx=10 & xy%dx =5x2y? =5y%
T x=0 x=0 x=0
y=1 y=1
E(Y)= o v-fy(y)dy= ¢ y5Y" dy—g hay
y=0 y=0
y=lagx=y o} y=1 5
E(Y)=00y-f(x, y)dxdy=10 ¢ ¢ oyxydx—dy 05yg|y—E
y=0&x=0 17 y=0
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x lagy=1 0 5x=1 5
hay E(Y)=1 09 O yxyZdyZix=> § x(l- x4)dx:—,
x=0 y=X ﬂ 2)(:0 6
1Oxy2 3y2
fY(y| x) fx, ) = , 0O<x<y<i1
X( ) 10 (1 X ) (1- X3)
3
f , 2
(x| y)= (x y)zloxz :2_)2(, 0<x<y<l
fv(y)  sy*
. X=1 y=1
Ta co: P2X >£2: O 10xdx ¢ y2dy—4—59.
& 45 512
X== y=X
o Sy 20xy?
- X, 5120x
Vay fg(x y) e ( yi —— 9y
< x> p& =0 °
4 &7 a4y
16 Y3 1 3y? 8
c/ P —<Y‘ X==zx= ¢ fyly| x)dy=0——5dy=—.
£2 1 vl x) r(1-028%) " 9
= 2
y=2 3
& 3 1 4 4 3y? 26
d/ P Y<—‘ X==:= ¢ fyly| x)dy=o———dy==".
& 4 ! vl x) r(1-028%) " 63
Y74 4
®
PcY <§‘ X 519 0 fg(x y) 1Tﬂxdy:
e Y<§,X>1 8 X>ZE
X:§ :§
. 5120xy? _ 5120 4 A 5 208 149 5120
= @ —-—dxdy=—>= @ xdx ¢ ydy=
LD 459 as9 97 & 1377 768 459
Y <=, X>= X== B
4" 4
3 3
T4 4 149
So sanh voi: PoY <— X>19— O 10xdx ¢ y2dy =
8 4 4g 1 _ 768
X== y=X
4
y=1 y=1 3(1- x4)
N R 3
ol 010 0 v (Yo=Y 0= 0 v ey
y=X y=X (1' X ) 4(1- X )
X=y x=y
2X 2
fl E(X/y)= ofo(A)dx Y(y)= § x2S :?y
x=0 —O y2
U=x Vv=y
Ham phan phoi: F(x,y)= ¢du ¢ f(u, v)dv-?x += y3x
u=0 v=u
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2
ta co the tho lai cac bieu thoc: w: f(x,y),
ix9y
T (x,y), T (x,y),
x fx (%), Ty fy ()
x=1y=1
o/ E(Y)=10 o o VY xy2dxdy—g hay co the
x=0y=x
y=1 y=1
E(Y)= oy fy(Ndy= oy 5y4dy—g
y=0 y=0

K/ var (\%(): E?%g EZ?KZ
i B b

3

4] Sl )
R

Cac cau con lai sinh vien td lam ¢

Vidu 4:

Cho hm m ong thoi cia X vi Y
2,

y?, 0<x<1 0<y£2

29
0, noi khac

at o

1 e
f(xy)=] €

{

a) Tim k.

b) Tim mat 6 phn phdi 1é caa X vicaa Y.
c) Tinh ky vong E(X), E(Y).

d) Tinh xc suat P(X >Y).

e) Tinh xc suat P(X +Y >2).

f) Tim ham hoi qui cua Y theo X.

g) Tim ham hoi qui cua X theo Y.

h/ Tim ham phan phoi fiong théi F(X,y).

Giai:

21

NS Xyo \aéL yo 7k 6
al k ~dxdy =k dy=—=1b k==
AN R A 7

00 2 o 0 2
(mien lay tich phan la hinh ché nhat OABC, xem hinh ve)
i0<x<1

b/ I y=2 6 :)zaez Xy & y_6x
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i0<y<2
I x=1 x=1
| . 6" &2, Xyo 2 6y
ifv(y)= o f(xy)dx== %2+ 2L 0dx = £+ 22
Y O 0
! o 7 & 25 7 14
+¥
c) ky vong cua X: E(X)= ¢ xfy (x)dx.
-¥
d) P(X >Y)= @ f (x, y)dxdy = kg;lxoé + YOy
x>y 0O O 20
(mien lay tich phan la mien tam giac d66i ODC, xem hinh ve')
1 y=2
e) P(X+Y >2)= @ f(x,y)dxdy=kgx ¢ 8x 2, Y0y
X+y>2 0 y=-x+2 20

(mien lay tich phan la mien tam giac tren ABD, xem hinh ve))
Ham phan phoi: F(x,y)=—yx + 3 y2x

Cac cau con lai xem nho bai tap ¢

I11. Hiep phoong sai, he so t6dng quan: cov(X,Y),s (X,Y)

Neu X, Y fioc lap thi ==>E (XY )=E(X).E(Y) (chieu ngodc lai khong fiung, xem vi du dodi fiay),

luc fo hieu cua chung bang khong, trong trédng hdp hieu cua chung khac zero thi X, Y khong fioc lap,

ta goi hieu fio la hiep phédng sai, nhdng tréoc het ta fionh nghda nho sau:

cov(X,Y)=s (X,Y)=EgX- E(X)) (Y- E(Y))g

(co-oporation-variance), iddc goi la hiep phé6ng sai.

- Hei so t66ng quan cua hai BNN X va Y la so:
cov(X,Y) _cov(X,Y) _s(X)Y)

Jvar(X).var(Y) s (X)s(Y) sxsy

3.1. Nonh ly ve cac tinh chat fiac tréng cua hai BNN X va Y

1/ cov(X,Y)=cov(Y,X)=E(XY)- E(X).E(Y)t 0

r(x,y)=

T60ng o var(X) = E (X - EX)? = E(X?)- [E(X)]?3 0 taco

var(X,Y)=s (X,Y) =E(XY)- E(X).E(Y)=cov(X,Y).

Nhong khong co var(X,Y)?3 0 voi " X,Y , no co theram.

Neu cho dodi dang tan suat cac cap (X,Y) :(xi Y ),i =1,n, thi fionh nghda cov(X,Y) con the hien
qua cong thoc:

I=n ign i=n
1i=n _ . a X yl a X a y
cov(X,Y)==§ (xi - x)(yi - y): =1 =1 -i=l
n,—, n n n
- 1& n
Y- XY= ga Xi Vi - nx. y——cov(X Y)
n a

Khi Y © X thi cov(X,X)=var (X)=s 2(X)=E(X?)- [E(X)]?
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2/ cov(X + X', Y)=cov(X,Y)+cov(X',Y)

3/ cov(kX,Y)=kcov(X,Y)

4/ var(X +Y) =var(X)+var(Y)+2cov(X,Y).

Suy ra tong quat nho sau: Néu X, Y I khéng 6c lap thi:

5/ |var (aX +bY)=a?var(X)+b? var(Y) + 2abcov(X,Y)

Chuy:var (X +X)=2var (X)+2" 1" 1cov(X, X) =4var (X)
Hay gon hén: var (X +X)=var(2X)=22var(X):4var(X)

6/ [cov(X,Y)]* £ var(X).var(Y) b |r|£1

7/ Neu X va 'Y fioc lap ta co cov(X,Y) =0 suy ra r=0.
8/ Neu r = +1 khivachz khi tontaia® 0,d1 R: X=d+aY.
Luc nay ta noi X va Y t6dng quan tuyen tinh hoan toan.
Trong trodng hdp r=0 ta noi X va Y khong t66ng quan. Vay neu X va Y fioc lap nhau thi chung
khong t66ng quan. Tiec rang fiieu ngddc lai khong fiung nen khong thei dung he so t6dng quan r fie
bieu dien tinh fioc lap cua hai BNN Xva'Y.

=X T Ooo(xr(x,Y))20

9/ var + -
& (X) s(Y)g

Vi du?2:
X (on vi: kg) vi Y (on vi: cm) | hai chi tiu caa mot loai san pham. Diéu tra mot mau ta cd bang sb liéu
tan sé sau

X
v 011|123
0 1
1 2|3
2 3121

a/ Tinh phan phoi le cua X, Y.
b/ Tinh ky vong cua X, Y, phtdng sai cua X, Y.

c/ Tinh cov( X, Y), rx , cov(X,Yz)

d/ Tim ham hoi qui ly thuyet rdi rac E( Y/ X).
nghiem lai: E(Y) = Ex g.E (\%()H tinh var (\%()
el Tim phan phoi co fiieu kien (Y/ X=0), ( Y/ X=1), ( Y/ X=2),
(Y/ X=3).
f/ Tim phan phoi co fiieu kien ( X/ Y=0), (X/'Y =1), ( X/'Y =2).
ol Tim hm héi quy miu cia Y theo X. (chuong 8)
h/ Lap bang phan phoi T=X+Y, tinh ky vong va phdéng sai cua T.
i/ Néu goi Z =g X +(1- q)Y lal66ng tien fiau t6 cho ca hai chz tieu X va Y thong qua tham so

q1 [0,1], hay tim tham soi g fie s6 fiau t6 nay la it rui ro nhat.
i/’ TimP(Y<2), P(Y<2X>0), P(Y=1X?31)
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Giai:
X
v O 1] 2| 3 [P
1 1
012 2
2 I 3 5
! 2|12 12
31210110l 6
2 21212 12
11515 ]1
PO 2 12|12 | 12

Ta chuyén vé bang tan suét nhu trn :

Bam may 570MS: Mode --> Reg -->Lin, vao 6 o/ dd lieu:
00 1M+ 112 1,2 3

21 3[M+ 22 2 3,2 1

Bam: - Sum va - Svar , ta co cac ket qua sau:

& x%=34, 4 x =18, § y*°=29, 4y =17, & xy=28, n=12

Vidu: § y*=0%" 1+1%° (2+3)+2%" (3+2+1)=29

& x? =0 1+1%" (2+3)+2%" (3+2)+3%" 1=34.....

a xy=(0' 0 )+(1' 1’ )+(2' 1 )+

+(1 27 [8))+(2 27 [2)+(3 2" [1]) =
X = ax1—2:18 =1.5, sy =0.76376, voi phoong sai ta dung cong thdc nho choong 2:
s2-1s 2 20
=—al(X;- X|] == aX - nX +
sk=ra(x- %)= g :

Y= a’i—z_ 141666, Sy =0.6400,  r=ry =0.42614,

Ham hoi qui mau: y=0.35714x + 0.880952

a/ Tinh phan phoi le cua X, Y: nho tren bang.
b/ Tinh Ky vong, ph6dng sai cua X, Y.

y=2x=

3

y=2

E(Y)=a a yf(xy)=2a yy(y)=

y=0x=0

y=0

=Y =E(Y)=%2=""=1.41666. Co the tinh lai:
12

12

5 6 _17
12 12

Y=E(Y)=0 141 242 =15 = 141666
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s2=23v2 nv?i= Lo 12 ATT0_ 59 a7
n§ g = 8125 = 144

==>sy = Jvar () =0.6400. Co theitinn lai:s§ = E(Y?2)- EY?

2
ar (Y)= 2. 1,425,260 7 @-8&‘-_72 -9
& 12 12 125 &125 12 125 144

x=3y=2 x=3 _ é X 18

E(X)z é- é- xf (X’Y): é. Xfx(X)ZXIE(X):_:_:1_5
X=Oy=0 x=0 12 12
Co the tinh lai:
Y=E(X)=O'i+1'£+2’i+3'i_1_8_15
212" 12 12 1
_ 20 e

5% =Td X2~ nX"2= L c3a- 12 880 —ﬁ-o 583333

n§ 5 12 8125 = 144

==>5y = var(X) =0.76376. Col thei tinh Ia'i:s)2< = E(XZ)' EX?

—+2°7 —+3

" 2 2
VaI’(X):%Z’ 1 ]_2’ > 2- ° 2- ig_ é'_sg :%_é'_sg :ﬁ
& 12 12 12 125 &125 12 125 144

¢/ Tinh cov( X, Y), ryx -

X= 3y=2 A
E(XY)= & & xf (x.y)=xy =8~V =28 33353
Xx=0y=0 n 12
Co the tinh lai: E(xy) l l +aez 1 .
& o[ Lo i? a% 2’ 10 =28" L =033333.
g Tl g P e W

28 18, 17 30 _ 5

cov(X,Y):E(XY)- E(X) E(Y)—E-E o= 1an = 9g ~0-20833
30
o =Y L 188 g 408

SxSy © 0.76376° 0.64
Re tinh cov(X,Y2)20.3751
Bam may 570MS: Mode --> Reg -->Lin, vao 6 o dd lieu:

0,0% 1[M 4, 1,1%; 2[M 4], 1,2 3[M 4
2,1% 3[M 4, 2,2%; 2[M 4], 3,2°; 1[M +

cov(X,Yz): E(XYZ)- E(X) E(YZ):%gﬁ xy? - n;_?g:E

=
160 0%2+42°1"1%+3 2" 1%2+37 1" 22+U

\Voi XY2—— @:4_8
2a12 27 22+1° 3" 22 g 12

d/ Tim ham hoi qui ly thuyet r6i rac E( Y/ X), tai 4 fiiem
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X=0, X=1, X=2, X=3,

c(v4l=aw{/)-a L =gty
Tai X=0:

S T SUNVUSI O SO SOU T
E(A(:O)_p(x)a)'/yp(x’y)_lgo 1 * 12 v 124 0

Tai X=1:

-1 . _1¢é.0 2 3u_8
E(%( :1)_P( )a)-/yP(XaY)—?go —+1 —+2" —-=—=16
12

12 12 120" 5
Tai X=2:

= 1 2 — 1¢é 4 - -
E(%(:z)‘P(X)%yP(X,y)—?SO E+1 = +2
12

Tai X=3:

Y - 1 [¢] _ié,g ,E ,i@_
E(A(:g)—P(X)any(x,y)-lgo +1 +2 =2

Vay ta co bang tinh toan:

X 0 1 2 3
8 7
E(%() 0 T 5 2
P(X) 1 S S 1
12 12 12 12
a2/ 0 14 1
=g /X5 0 5 5 4
var Y 6 6
VA o & & o

nghiem lai: E(Y) = Ex ?E (%)‘J

_ eYu*i§£Zi'i_£_
== Ex E(&)ﬂ s s R » E(Y)

Ne tinh var (%) ta phai tinh phan phozi 8 X 01 29 tai cac niem X =0,1,2, gia s0 nho tai

X=1.
v/ _ 0 o2
& /X=1g
2 o) 2 3 O_ 14
Pae// o - = |pE /
& /X=15 5 5 & /X=15
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0 )
var (\%( : E ?K < EZ?KE, tinh theo tong fiilem nhé bang tren. Vi du:

var\%( 1 Ea&‘y/ _E23E’3// 0_14 &80_6

1,5 &5 25
toong to cac filem khac.

e/ Phan phoi coi fileu kien (Y/ X=0), (Y/ X=1), (Y/ X=2), (Y/X=3).

1

. (X=0GY=0) 1,
Tai X=0, P( =04 - 0): S (X 20) ) - 1—12:1.

12

(ko [° *

N

PV =0) |1 ° 0 | E (% =q)=0
2
. (X=1¢Y=1) 15 2
Taix=1,  P(Y=1( _ 1): Xgl) ):1_5223’
12
3
_P(X=1CY=2) 15 3
( X = 1)_ x 1) _E_E
12

(Vi) |0
P(%(zl) ‘Oé g ‘DE(\%(::L):E 6_8
e |0+ 2|

P(%(zz)‘o

= |° * 2|
P(V4 =3) |0 o |DE(%< 5)=0+2=2

ta co the so sanh ket qua Eg X; _v0| ket qua cau tren, nh6 nhau.

N

Tai X=2.

gl w
alN
T
m
_<
N
1
N
N —
1
o1l
ol
1
|

Tai X=3.

f/ Tim phan phoi co fiieu kien (X/ Y=0), (X/Y =1), (X/Y =2).
1

. P(X=0CY=0) 1,
Tai Y=0, P( =00 _ 0) S0 <0) ) - 1—12:1.
12

()%:O) |o 12 3|
P(%4 =0) | Looo0 | E (%4 =) =0
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2
Taiv=l,  P(X=K )= P(X j@\lf) 1) _ 1_52:§
12
3
A e
12
(XA:l) |0 12 3|
=l o5 2 0 [reliiad=ioges
3
Taiv=2,  P(X=LK _ )= P(X 332)22)21_62:%
12
2
R e
12
1
R e
12

g/ Tim hm héi quy miu cua Y theo X: y=0.35714x + 0.880952
So sanh cac gia tro cua ham ly thuyet va gia tro cua ham mau.

X 0 1 2 3
Ly thuyet 0 1.6 14 2
Mau 88095 1.23809 1.59523 1.95237

h/ Lap bang phan phoi T=X+Y, tinh ky vong va phoéng sai cua T.
Ta chg tinh cho 6 o' khac 0 ma thoi.

x |0o|ay |aa|en]e2]|E2)

x|l Ll 22222
(X.Y) 12 12 12 12 12 12
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T | o | 2 | 3| 4] 5

EBEEHEE
P(T) 12 12 1 12 | 12
18,17 _35

E(T=X+Y)=E(X)+E(Y)= — ==

12 12 12
var (T =X +Y) =var (X) +var (¥) +200v(X,Y) =22 + 22 +2.22 =22

Ta coithe tho lai 2 ket qua nay bang troc tiep the so vao bang tren.

i/ Z=qX +(1- q)Y, fie s6' fau to nay la it rui ro nhat. toc fio phan tan (phééng sai) cua nol la coc
tieu.
=q2var (X)+(1- q)*var (Y)+2q (1- q)cov(X,Y)=

=q —+(1- q)2%+2q (1- q) :ZZ lay fiao ham, cho bang 0, fiao ham bac 2 dé6ng, nen co coc

, N/ 2 / , 29
gvar (2)g :(83q - 58 +59) =2' 8- 58=0p q = =35%
q
nghia la nen fiau t0 cho chg tieu X la 35% va chg tieu Y la 65%.
Tong quat: Neu:
2 -
- Z=gX +(1- q)Y thig toidulaqg = ZSY ZCOV(XY)
S X +SY = 2COV(XY)
s>2( - cov(XY)

s % +sZ - 2cov(XY)

- Z=qY +(1-q) X thiq toioulag= ¢

CHOONG 3: Odc 16dng khoang
2.1. Nonh nghéa
Ng6di ta goi §1;&28 hay [qy;d,] la khoang tin cay vdi fio tin cay (1- a) cho tré6c neu:
qu - §‘£e8: Pg?- e :&1 £q £§i2 :§+e8:1- a
Trong o &1&2 la cac 06c 160ng fiem cua q .
&2 - &1 =2e, e lafoichinh xac cua 66c 166ng.
a nho bang 1% fien 5%, fid6c goi la mdc y nghta.

Bai toan tim khoang tin cay cua g la bai toan 66c 166ng khoang.
Trooc khi fii vao tim cac khoang 66¢ 166ng cho cac fiac trong thong ke, ta can nhac lai kien thoc &

chong 2: Cho X,1T N (m S 2), va cho trodc fiol tin cay (1- a ), ta tim A66c t; (tra bang B) va

e =s .ty | goi la fio chinh xac, sao cho:

PEXn-mMEt, sfg=1-a =2 (t)
P[Xp- tas EmME X, +tz5]=1-a. *)

Vay khoang tin cay la [Xp, - tuS, Xp, +1,5 | (**)
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trong fioim = X, -tgs, mp =X, +t5S
Bay gio ta xet cu the cac bai toan tim 66c¢ 166ng khoang sau:
2.2. Khoang tin cay cho tz le fiam fiong p
Bai toan
Vai tz le p cac phan td col tinh chat A cua fiam fiong choa biet va fio tin cay 1- a cho troéc, khoang

tin cay cho p ki hieu fion gian la [ py; p,] thoa (fiung ra la ki hieu g'.ﬂi[; @8):
P[p £ p£ pz]:l- a.

" 1 Fn
Vi F, | N?é\ep pqOtrongnos—‘/pq ,/

Fo(1- Fn)

)0
va khi fio 6/ (*): P(;|F - pEe=t, i=1-a
& "

Trong thoc hanh ta lay: f, =F, -m

/ f -f
p» f,, q»(l f)vas _quS— pq_

the tat ca vao (**) ta co khoang tin cay la:

- - u
-ta,/—f“(ln fo), fn+ta‘/—f”(1n f“)g:gﬂi{;@g

Trong fiol t; tim fi6dcto 1-a =2 (t;) (tra bang B).

Chuy
TR, Ny e fn(l' fn) _— N A A I
+ Noi chinh xac cua 60c 160ng la:e =t, ,|————— . Td/fAay ta tim A66c kich thodc mau:
n
et2 u .
+n= (E)izf (1- fy)u+1 va p» f,, g»(1- f,) (vBin lon).
e |
Vidul:

Trong fidt bau cdl tong thong, ngddi ta phong van ngau nhien 1600 cd tri thi Aiddc biet co 960 ng6oi se!
bau cd 6ng vien A. Vi fio tin cay 99%, hay xem 6ng vien A trung cd khong? Biet tz le qua ban la
thang c0. Sau fio lam lai voi fio tin cay 95%.

Giai:
n=1600, O6c 166ng khoang cho tz le p cua phieu bau cho 6ng vien A: f,, = % =0.6,
1-a=099=2 (t, )P j (ty)=0495p t, =258,

fiay la 66c 100ng tz le, nen ta co

. (1- f,
Fpl Nféep,s _pqobs ‘/ q/ ) s
fn(1- o
e=s t, = fn(1- fn) ,/06 045 58=0.0315
1600
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|p- f,|EeU f,-e£ pE f,+e, taquan tam fien ve trai toi thieu la:
f,-e£pU 0.6- 0.0315=0.568>0.5.
(t2 le. qua ban la thang c6/0.5)
V0i fiol tin cay 99%, tz le phieu bau toi thieu cho 6ng vien A la56.8%. Vay vdi fio tin cay 99%. Ong
vien A trung co.
Sinh vien t6' lam lai voi fio tin cay 95% ¢

Vi du2:
Ne 66c 166ng so hai cau tren 1 hon fiao ngddi ta fieo vong cho 2000 con. Sau mot thdi gian bat lai 400
con thay co 80 con fieo vong. Hay 60c 166ng so hai cau voi fioi tin cay 95%, 99%.

Giai:
Neu dd' fioan tho: 400 con----- 80 fieo vong
? 2000 feo vong
Ta co: 2000 400 _ 2000° 1 10000con, trong fio
80 p
80
= =— =0
P= " " 200
Tinh voi fio tin cay 95% nho sau: Ta 66¢ 166ng tz le p fiam fiong
80 ¢ fo(1- fn) U .
f,=——=0.2, P8p- f|Ee="——""—F—=—1t ,U=1-a = t
N~ 200 gp n| /n a H 2 ( a )

1-a=095=2 (t, )P j (ty)=0475P ty =1.96

Jfa(1- f Jo2 08
e :%' ty -¥0.2 08 96-0.0392
n

400
|p- f,|£eU f,-e£pE f,+eU 0.2- 0.0392£ p£0.2+0.0392
<=> p =01608£ p£023R=p,, p =1 =20 =N 200
Ny Np Ny Np
Vay N, =200 £ 2000
P2 Y]
0 8362=-2000 ¢ g 2000 _ 12438 .Vay 8362 £ N £12438
0.1608 0.2392
Tinh v0i fio tin cay 99% P t, =258,
e=Y02 08. 08 00516b 01484 =02- 0.0516£ p£0.2+0.0516=0.2516
400
Vay 7949= 2000 o\ g 2000 _ 45477
0.2516 0.1484
nhan xet: khi fio tin cay (xac suat) cao thi khoang r6i rong hén, nghia la fioi chinh xac e
tang.[8362,12438] 1 [7949, 13477] ¢

2.3. O6c 160ng trung binh fiam fiong M
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Bai toan
Gia sO0 fiam fiong co trung binh m choéa biet. Can c6 vao (Xi,.,X,), tim mot khoang

[M(Xq,. X)) M(Xq,.., Xpp)] sa0 cho
P[nl(xl” Xn) £ m£ rrh(xliyxn)] = 1' a.
Troong hdép 1:

P — . @& g2¢b
+ n3 30, s“dabietP Xpl Ngm —+
n -
(%]
Cho tro6c 1- a , ta tim fiooc t; (bang B) sao cho

S u

Trddng hop 2:
+n3 30, s 2 chda biet. Thay s 2 poi S? ta co

= S = S
n]_:Xn'taﬁ, nb:Xn'Ftaﬁ.

Troédng hdp 3:

+ n <30, s 2 fa biet, X co phan phoi chuan thi

Troédng hodp 4:

+ n<30, s 2 chda biet, X co phan phoi chuan.

.. Xnp- . . NN -
Khi fio ”S m co phan phoi Student (n — 1) bac t6' do, biet 1- a , ta tim A66c tg 1 (bang C phan
NG
¢ u
é Y a 5
. Xn- - =
phoi Student) sao cho: Pgtn 1= ”S Mg lo= ngn - n1£t§ 1%:e3:1- a,
= u n 1]
8 n t
. - -1 S
véie=th"ls =11 2
Jn
Suy ra: nlzfn-tg'l%, @:Ynﬁg'l%.
n n
Yn -m
_ S
Xn-m n Z

Phan tich: t =
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z="""M N(04), Vv :wT c?(n- 1)
S s
Jn
vay theo fionh nghéa 2 cua phan phoi Student ta co tT t(n- 1).
Tom lai:
1/ n330, s ? fia biet
+ Tinh X, .
+Tol-ab 29801, .

+ Khoang tin cay (Z e, x_n+e) voi fio chinh xac:e = t, )
Jn
2/ n3 30, s 2 choa biet
2 2
+ Tinh X, £p 2= ¢
n-1

1-a

+Tol-ab %50 t, (tra bang B)

+ Khoang tin cay (Z e, x_n+e) voi fio chinh xacie = t, —.
Jn
3 n<30,X1 N (ms 2),5 2 fia biet (nho tréong hop 1).

4/ n<30 X1 N(msz),s2 choa biet

— g2 2
+ Tinh X, p Szzi1

+Tol-ab a%m tg'l (tra bang C)
s
—\/_.

+Khoang tin cay(z - e, X, +e)v6.i fio chinh xac:e =i~ %

Chuy
Khi co mau cu'the, ta thay X,, bdi x,, S? bdi s°.
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Truong BPHCN Tp.HCM

Bai 1. (3d) Trong R®, véi co so chinh tic, cho a:1=(1, -2, -3), a-=(1, -1, 1), as= (-2, -1, 3).
al Cho biét F ={aj,a,,a3} va x=(3,-3,-14), tim [x]_
b/Cho biét B={aj,a,},lacosociaW =(a,a,),va y=(1,2,13) T W ,tim [y],
o/Cho F= < ay=(1, -2, -3), a=(1, -1, 1), y=(1, 2,13) >, G=<(3,-2,-3), (1, 2, 4) >
Timmot coso cua F C G
uua uu
Bai 2. (1d) Trong R*, Véi co s B:{ul,uz} cia
uua uu uu uu ,
W =(ug,up)=(u =(3,1,1,-2),u=(3,-1,2,-8)). Cho biét mot co 5 khéc cia W Ia
ua uu ur r
B/ :[vl,vz} ={w=(35-1 0).v5 = (6.-4,5, 7). choxT wWithoa [x]g =[-3 5] . Tim [x]y .
ua uu uu
Bai 2. Trong R, véicoso B ={uy,up,uz} cia
ua uu uu uu uu uu ,
W :<u1,u2,u3> :<u1 =(11,-3,-2),up=(2,-2,0,-3),uz =(-1,1,1,- 2)> Cho biét mot co so khéc ciia
ua uu uu

wia B/ :[vl,vz,v3} :{\L;I:(-s, 11,7, 1) Wy = (-1, 7, -11, 7) v =(2, -8, 8 2)}.
ChoxT wthoa [x]; =[-1 2 3]".Tim[x]y .

Bai 3. (1d) Trong co so chinh tic. Cho dang tdan phuong (mit quadric) trong R
f(x,y,2) =1+16x- 6y- 10y*+32xz- 52° +10xy + 462+ x> - 26yz

Bai 5. (24) Tim céc diém cuc tri cia ham: (cuc tieu)
f (x,y,2) = 6x2+22y? +97% - 2xy- 12xz- 14yz+34y- 122+10
va C&c giatri ham tuong tng véi cac diém cuc tri trén.
Bai 5. (24) Tim céc diém cuc tri ciaham: (cuc Dai)
f (X,y,2) =1931+4x +20y- 22yz+28xy+2xz- 10x? +38z- 26y - 1572
va C&c giatri ham tuong tng véi cac diém cuc tri trén.

Bai 6. (1d). Cho ham f (xl : x2) = 5x12 - 6X1 Xo +20%4 +18x§ - 102x,, voi rang bugc

j (xl, x2) =5xy - 12X, +75=0. Tim c&c diém cyc tri caa f (xl : x2) va céc giatri ham tuong tng Vvoi
céc diém cuc tri trén.

Bai 6. (1d). Cho ham 1 (xy, %) = 3% - 4x,, Vi rang buge

j (xl, x2) = 8Xq Xp +16X - 8x§ +24x, +104 = 0. Tim c&c diém cyc trj cia f (xl : x2) vacac giatri

ham twong tng véi c&c diém cuc tri trén.
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Bai 6. (1d). Cho ham f (xl : x2) = - 31xq + 17y + 27+ 9xE - 12X, X, +4%35, V6i rang buoc

j (xl,xz) = 9xZ - 12Xq Xy - 11xy +4x35 +11x, +2=0. Tim cac diém cyc tri cua f(xl,xz) vacac gia

tri ham twong tng véi c&c diém cuc tri trén.

Bai 2. (2 d) Cho ham mat do dong thoi ciaX vay:
Tky’x, 0<x<2y£4
fy)= > Y
10, noi khac
a) Timk. Tinh ky vong E(Y).
b) Tinh xé&c suit P(X +Y <2).
¢) Tim ham phén phdi F(x,y) (nhic lai: Fyy, = f (X, y)), rdi tinh P(X<1va Y<3/2).
(tinh tich phan, ket qua co the bam may ra so thap phan).

Bai 3. (2i). Mot ng6di muon mai 500 ngo0i do tieic codi, biet rang xac suat ngddi fiddc moi fi do' tiec
thdc sol la 80%. Vay phai fiat it nhat bao nhieu choi ngoi, fie xac suat tat ca khach fidéic moi co cho
ngoi la 16n hén 97%.

Bai 4. (4 d). X (donvi: kg) vaY (don vi: cm) lahai chi tiéu ciia mot loai sin pham. Piéu tramot mau ta
c0 bang so liéu sau:

X Y 60-64 | 64-68 | 68-72 | 72-76
1 5 8
2 7 12
5 16 9
8 15 10 5
9 8 4

a) Tinh ryy , cov(X,Y), var(3X-4Y).
b/ Nhirng san pham c6 chi tiéu trén 68cm la sin pham loai A. Uéc lugng ty 1¢ sin
pham loai A véi gié tin cay 95%. ﬂ ‘
¢/ Co tai liu noi rang: trung binh cua chi tiéu X cua san pham loai A 1a 5 kg. Cho nhan xét ve tai li¢u
nay véi mirc y nghia 5%. Gia thiet X cd phan phoi chuan.

Nguoi gidi thi¢u
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